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1. MODULES OVER COMMUTATIVE RINGS

In this and the next lecture we introduce the notion of R-modules, where R is
an associative ring with unit 15 € R (often denoted just 1 = 1g € R). In this
lecture we focus on commutative rings, for which module theory is slightly easier,
as one does not have to take too much care of the distinction between left and right
modules. Most of the content of this lecture will be generalised to the case of a
non-commutative ring in the next lecture. For this lecture and the next one, refer
to [Rot, 2.1-2.2].

1.1. Definition of modules and first examples.

Definition 1.1. Let R be a commutative, unital ring. An R-module is an abelian
group M endowed with an operation, called “scalar multiplication” and denoted

Rx M — M, (rym) —r-m,

satisfying the following properties, for all r,7’ € R and all m,m’ € M:
L r-m+m)=r-m+r-m/;

()(r+r) m=r-m-+r7r-m;

3 ; A em) = (r-r')-m;

(1Rmm

Example 1.2. The trivial group 0 can be upgraded to an R-module by setting
r -0 = 0. This is the most boring example.

Example 1.3. If R =F is a field, then an R-module is precisely a F-vector space.
Hence the notion of module generalises the notion of vector space.

Example 1.4. By definition, every R-module is in particular an abelian group. If
R = 7 are the integers, then the viceversa holds: every abelian group M can be
given a unique structure of Z-module, by declaring;:
e 0-m =0 € M for all m € M: check that this is forced, using that
0-m=(040)-m=0-m+0-m;
e r-m=m+---+ m, where the sum contains » > 1 equal summands, for
all » > 1: check by induction that this assignment is also forced;
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e r-m=—((—r)-m), for r <0, where —r € Z is positive and —((—r) - m)
is the opposite of ((—r) - m) in the abelian group M: check again that this
assignment is forced.

Example 1.5. The ring R is an R-module, by using the ring multiplication Rx R —
R as scalar multiplication. In the commutative case, it does not matter which copy
of R in R x R plays the role of ring and which of module.

More generally, if I is any set, consider the set R of families (r;);cs of elements of
R indexed by I; then R! is an R-module by pointwise/coordinatewise operations.
For example, we set - (r;)ier = (r - 74)icr, and (r;)icr + (7})ier = (ri + 74)icr-

For abelian groups, we have a notion of subgroup and quotient group. Something
similar occurs for R-modules.

Definition 1.6. Let M be an R-module. A subset N of M is a submodule (more
precisely, a sub-R-module) if it is closed under all operations; in particular N is a
sub-abelian group of N, and for all » € R and m € N, the scalar multiplication
r - m yields again an element in N.

Given M and a submodule N, the quotient module M /N is the following module:
the underlying abelian group of M /N is the quotient abelian group M /N; the scalar
multiplication is defined by setting 7 - [m]y = [r- m]y for all r € R and m € M,
where [m]y denotes the class of m in the quotient abelian group M/N.

By taking submodules and quotient modules we can create many more examples
of R-modules.

Example 1.7. Recall Example A submodule N of R is what is usually called
an ideal of the commutative ring R. The quotient R/N is then an R-module as
well. This can be seen as a particular case of Example recalling that R/N has
a natural structure of commutative ring.

Definition 1.8. Let M be an R-module and S C M any subset. We denote by
Spang(S) C M the submodule generated by S, which can be alternatively described
by either of the following (check that they are equivalent!):

e Spanp(S) is the subset of M containing all elements m that can be written

as a finite linear combination Zle r; -m;, with r; € R and m; € S;

e Spanpy(S) is the intersection of all submodules N of M containing S.
We say that a subset S C M generates M if Spang(S) = M (and is thus not a
proper submodule); we also say that S is a generating set for M.

For example 1 € R generates R as an R-module (see Example; but for example
{z,2*} € Q[z] only generates a proper sub-Q[z]-module of Q[z], the ideal (z):
in fact this submodule is also generated by the subset {z} of {z,xQ}. Another
example is the following: if F is a field and V' is a F-vector space, then any basis of
V is a generating set for V.

Example 1.9. Let f: R — S be a map of commutative rings. Then S is naturally
an R-module by keeping the abelian group structure and by setting r-s = f(r) - s,
where the second - is the product of the ring S.

Example 1.10. In fact much more than what discussed in Example[[.9} if f: R —
S is a map of rings and M is an S-module, then M becomes automatically an R-
module by setting r-m = f(r)-m. We say that M is an R-module by restriction of
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scalars, though this terminology might suggest that we want only to consider the
case in which f is injective (but there is no need for this constraint).

As a special case, consider, for a commutative ring R, the ring of polynomials R][x]
in one variable; then the inclusion R < R[z] makes every R[z]-module into an R-
module. Viceversa, every choice of A € R gives a (unique) map of rings R[z] — R
sending x — A and such that the composite R — R[z] — R is the identity of
R. Thus, for every choice of A\, we have a way to transform an R-module into a
R[z]-module.

Example 1.11. For a fixed commutative ring R and abelian group M, it is not
always possible to upgrade M to an R-module. Here are some examples (more
refined examples could be given after seeing more material in the course).

e If R = Q is the field of rational numbers (or any infinite field), then an R-
module M must be either 0 or infinite. If M is instead a finite, non-trivial
group, then it cannot be given a structure of Q-module.

e In a similar way, if R = Z/k is the ring of integers modulo k¥ > 2, then
a necessary (and actually sufficient) condition on an abelian group M to
admit a structure of R-module is the following: for every m € M, the k-fold
sum m + - - -+ m is equal to 0.

For the following example, we need some notation.

Notation 1.12. Let M be an R-module and r € R. We denote by r- —: M — M
the map m +— r - m, and call it the “scalar multiplication by »”.

Example 1.13. For a fixed commutative ring R and abelian group M, it can
happen that M can be upgraded to an R-module in several different ways. For
example, recall Example[L.10] let R = Q and consider two different values A\, \' € Q.
Then Q becomes a Q[z]-module in two ways, which we denote by Q* and QY
depending on whether the scalar multiplication by x coincides with multiplication
(in Q) by X or by N. These two modules have a quite different behaviour with
respect to scalar multiplication by elements in Q[z]:
e consider the element (z — A) € Q[z]: the associated map ((z — A) - —) sends
all of Q* to 0, whereas it is a bijection QA/ — Q’\/;
e viceversa, the element (x — \') € Q[x] acts as a bijection on Q* and as the
constant map to 0 on Q.

In example we have considered families of elements of the same R-module,
namely R. We can generalise this idea as follows.

Definition 1.14. Let I be a set and let (M;);cr be a family of R-modules. The
product of sets [ [, ; M; has a natural structure of R-module by defining operations
coordinatewise. For example, we set r-(m;);cr = (r-my)icr. We call this the product
of R-modules.

We also define the direct sum @,.; M; as the submodule of [],.; M; of families
(m;);e; with the following property: there are at most finitely many indices i € I
for which m; # 0 in M;.

If I is finite, note that in fact €, ; M; is equal to the whole [],.; M;.

Notation 1.15. In the case of I of cardinality 2, we also write M®M' = M x M’ for
the direct sum/product of two modules. Similarly for any finite set I = {i1,...,i,},
we may write My & - - - & M, for the direct sum of the n modules My,..., M,.
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1.2. Homomorphisms of modules. We have now a good arsenal of operations
to construct many different R-modules. The next important step is to define what
morphisms of R-modules are, in order to be able to compare different R-modules.

Definition 1.16. Let M and N be R-modules. A map of sets f: M — N is an R-
linear map, or a homomorphism of R-modules, if f is a map of abelian groups and
f is compatible with the two scalar multiplications, i.e. f(r-m) =r- f(m) for all
m € M and r € R. The set of all R-linear maps M — N is denoted Hompg (M, N).
A map f: M — N is an isomorphism of R-modules if it is R-linear and bijective.

Example 1.17. The identity map Idy;: M — M of an R-module M is R-linear.
More generally, since we assume R commutative, for all » € R the map r - — from
Notation is R-linear. Let us check in particular the compatibility with scalar
multiplication: for all s € R and m € M we have

(r~—)(s~m):r-(s~m):(r~s)~m:(s~r)~m:5-(r-m):s~((T~—)(m)).

Example 1.18. If R = F is a field, then an F-linear map is precisely a F-linear
map of vector spaces in the usual sense from linear algebra.

Example 1.19. If R = Z, then a Z-linear map of Z-modules is the same as a
homomorphism of abelian groups.

Note also that if f: M — M’ and g: M’ — M" are R-linear maps between R-
modules, then the map of sets go f: M — M" also satisfies all properties to be
R-linear. This allows us to compose R-linear maps and stay in the realm of R-linear
maps.

Example 1.20. For all R-modules M, N there is always the 0 map 0: M — N,
sending all elements of M to 0 € N. It can happen that this is the unique R-linear
map, even if neither M nor N is the zero module. Here are two examples.
e Let R=7Z and let M = Z/2 and N = Z/3. Then there is no non-trivial
homomorphism of abelian groups Z/2 — Z/3.
e Let R = Q[z] and consider the two modules Q* and Q’\/ from Example
Then every Q[z)-linear map f: Q* — Q" is the zero map. To see
this, let m € Q*; then

0=/(0) = f((w=A)-m) = (& =) f(m) = (N =) - f(m) € Q.
Now recall that (X' — ) € Q C Q[z] acts on QY = Q just by m/ —
(M =X)-m' € Q. Since (M — ) - — is an invertible map Q — Q (it is

an automorphism of Q-vector spaces), we can “divide by (AN — X)” and
conclude that f(m) = 0. This holds for all m € Q*.

The previous example is in net contrast with what happens with vector spaces over
a field: given two non-trivial vector spaces, there is always a non-trivial linear map
between them.

Example 1.21. Let (M;);cr be a family of R-modules. Then each projection
T H M; — Mi,
iel
which is a priori a map of sets, is in fact an R-linear map. Moreover, let N be an-

other R-module; then a map of sets f: N — [[,; M; carries the same information
of (can be retrieved from, and determines) a family of maps f;: N — M;, one for
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each ¢ € I: just take f; = m; o f. Check that f is R-linear if and only if all maps
fi, for ¢ € I, are R-linear. We have in fact a natural bijection of sets

Homp (N, HMi) = HHomR(N, M;).
i€l el
This makes it easy to construct R-linear maps with [[;.; M; as target: one just has
to specify the “coordinates” of a map f, i.e. its composition with the projections
T

Notation 1.22. For a direct sum ,.; M; of R-modules, and for an index j € I,
we denote by ¢j: M;j — €;c; M; the map sending m € M; to the family (m;)ier
with m; = m and m; = 0 for all 4 # j. Note that it is an R-linear, injective map.
By slight abuse of notation, we often regard M; as a submodule of @, ; M;, and
just write M; C @,.; M;.

Each element m € €P,c; can be written uniquely as a finite sum 3, ¢;(m;),
for a suitable family (m;);er of elements m; € M;, with all but finitely many m;
vanishing: check that the only option is to take m; equal to m;(m), after considering
m as an element in [[,.; M;. Use this remark to solve the following exercise.
Exercise 1.23. Let (M;);c; be a family of R-modules, and for all¢ € I let S; C M;
be a generating set (see Deﬁnition. Then (J;; ti(Si) C @,c; M; is a generating
set for the direct sum.

Example 1.24. Let N be an R-module, and suppose we are given R-linear maps
fit M; — N for all i € I; we can then construct an R-linear map f: €@,.; M; = N
by setting

icl

fm) =) fi(my),

jelI
where we use, for each element m € @, ; M;, the decomposition m = Zjel ti(mj)
described above. Note that the sum for f(m) is a finite sum of elements of N (maybe
up to a lot of vanishing summands, that we can neglect), so it is well-defined. The
map f: @,.; M; — N is R-linear, and moreover it is the unique R-linear map
satisfying the following property: for all ¢ € I, the composition fo¢;: M; — N is
precisely the map f;.
We have in fact a natural bijection of sets

Homp (@ Mi,N> = HHomR(Mi,N).
il iel

This makes it easy to construct R-linear maps with €, ; M; as source: one just

has to specify the “restrictions” f; of a map f on each summand Mj, ie. its

compositions with the inclusions ¢;. As soon as each f; is R-linear, we get an

R-linear map f.

The next definition upgrades the set Hompg (M, N) to a new R-module. The con-
struction crucially relies on R being commutative, and it generalises the well-known
fact that, over a field F, if V and W are F-vector spaces then Homy(V, W) carries
a natural structure of F-vector space.

Definition 1.25. Let M, N be R-modules. For f,g € Hompg(M,N) we define
f+g € Homgr(M, N) by the formula

(f+9)(m)=f(m)+g(m)  Vme M.
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For r € R we moreover define r - f € Homg (M, N) by the formula
(r- f)(m) =r-(f(m)).

Let us check that, indeed, the defined function of sets g := r- f is again R-linear; in
particular, let us check that for all s € R and m € M we have g(s-m) = s- g(m).
We have indeed

gls-m)=(r-f)(s-m)=r-(f(s-m)) =r-(s-f(m)) = (r-s)- f(m) =
=(s-r)-f(m)=s-(r-f(m))=s-g(m).
As you see, we have used the axioms of R-modules, the fact that f is known to be

R-linear, and most crucially the fact that R is a commutative ring. Compare this
last computation with Example [[.17]

Example 1.26. The module Hompg (R, M) is canonically isomorphic to M. The
bijection is given by pairing f: R — M with f(1) € M. Check that this bijection
is R-linear.

More generally, the R-module Hompg (€D, ; R, M) is canonically isomorphic to the
product [],.; M. Here, by [][,.; M we mean the product of the family of modules
(M;)ier, with all M; equal to M. It is common to say that one takes the product
of “I' copies of the R-module M”. Similarly for [, ; R.

It is then extremely easy (even in comparison with Example [1.24) to construct R-
linear maps with ,.; R as source: one just has to specify a family of elements
(m;);er in the target M, i.e. m; € M. This justifies the following definition.

Definition 1.27. Let I be a set. The free R-module with basis indexed by I is the
direct sum P, ; R.

Abstractly, an R-module M is free if it is isomorphic to one of the form B, ; R,
i.e. there exists a suitable set I and an R-linear isomorphism ¢: .., R = M.
The elements ¢(¢;(1)) € M are said to form a basis of M.

el

Note that in the case of vector spaces over a field we precisely recover the notion
of basis. In fact, over a field, every vector space admits a basis, i.e. it is free. This
is not the case over a generic ring R.

Example 1.28. A free module over Z is either 0 or infinite. Hence, for instance,
Z/k is not free for k > 2.

1.3. Bilinear maps. In the last part of the lecture we address the following ques-
tion: Is there a meaningful way to compute the product of elements of R-modules?
A priori, the answer is NO: by definition, if M is an R-module, the only defined
operations are sum and multiplication of an element of M with an element of the
ring R; but given two R-modules M and M’ and elements m € M and m' € M’,
the product m - m’ just does not make sense. However, there are situations, such
as the following, in which a meaningful product is indeed defined.

Example 1.29. Let R be a ring and consider M = R[z] and M’ = R[y] as R-
modules. Given polynomials f(z) € M and g(y) € M’, the product f(z) - g(y)
makes perfectly sense in the bigger polynomial ring R[z,y]. We have in fact a
multiplication map

e Rlz] x Rly] — Rlz,y].
Note that the target is a new R-module, different from both M and M’.
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Example 1.30. Let R = Z and consider M = Z/10 and M’ = Z/20 as Z-modules.
Then we may define a map

u: M x M — 7/2, ([m]10, [m']20) = [mm/]2.

The previous map is essentially given by projecting both M and M’ onto Z/2, and
then taking the product in the ring Z/2.

Of course, we could also have projected onto Z/5 instead, or even better onto Z/10
(or even worse, onto the 0 module!).

The previous examples are instances of the following definition.

Definition 1.31. Let R be a commutative ring and let M, M’ and P be R-modules.
An R-bilinear map

w: M x M — P

is a map of sets satisfying the following properties, for all my,mo € M, m{,mb € M’
and r € R:

(1) p(ma +ma,my) = p(ma, my) + p(mg, my) € P;
(2) p(ma,my +mb) = p(my,my) + p(ma, ms) € P;
() ulr-ma,my) = p(ma,r-my) =r-p(mi,my) € P,

The three properties in the previous definition extrapolate what one usually whishes
from a multiplication: the first two are a form of distributive law with respect to
the addition; the third is a form of compatibility of the multiplication p with the
scalar multiplication (multiplication by elements in R).

Given M and M’, the question becomes: what are the possible choices of P and of
an R-bilinear map p: M x M' — P? Is there a choice which is better than the other
ones? The second part of the question is justified by the trivial example in which
we take P = 0 and p the constant, zero map: in this case we do get an R-bilinear
map, but it is a quite boring and useless one!

In general, if we want to construct an R-bilinear map pu: M x M’ — P, we need the
following: for all (m,m') € M x M’ we need to identify an element p(m,m’) € P;
up to replacing P with a submodule, it does not harm to assume that P is in fact
generated by the set of elements (1(m,m))(m,m)yerrxmr- Moreover the relations
(1)-(3) from Definition must hold between these elements.

In few words, the tensor product M ®p M’ will be constructed in the most direct
way to have all the previous properties: it is obtained from a free module with basis
the elements (m, m’) of the set M x M, by quotienting the suitable submodule that
guarantees that (1)-(3) hold. We will see this in the next lecture.

2. TENSOR PRODUCT, AND MODULES OVER NON-COMMUTATIVE RINGS

In the first part of the lecture we still work over a commutative ring R.

2.1. Kernel and cokernel. Kernel and cokernel of R-linear maps are defined as
for abelian groups in the setting of R-modules, and have a natural structure of
R-modules.

Definition 2.1. Given an R-linear map f: M — N, the kernel ker(f) C M is
the subset of elements m € M such that f(m) = 0. Let us check that it is a
sub- R-module:
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o if m,m’ € ker(f), then f(m+m') = f(m)+ f(m’) =0+0=0¢€ N, so
also m + m' € ker(f); this is the same argument used for abelian groups
and vector spaces;

e if r € R and m € ker(f), then f(r-m)=7r-f(m)=r-0=0¢€ N, so also
r-m € ker(f); this is also the same argument used for vector spaces.

The image Im(f) is the subset of N containing elements of the form f(m) for some
m € M. Check that it is a submodule of N.
The cokernel coker(f) is defined as the quotient N/Im(f).

As for abelian groups, an R-linear map is injective if and only if it has trivial kernel,
and it is surjective if and only if it has trivial cokernel.

2.2. Maps from a quotient module and from a cokernel. Let M, N and P
be R-modules, with N C M a submodule. Let 7: M — M /N be the projection to
the quotient, which is R-linear. Then any R-linear map f: M/N — P gives rise to
amap g = fom: M — P, with the property that g restricts on N to the zero map
of R-modules: g|y =0: N — P. Viceversa, given a map g: M — P such that g|y
is the zero map, we can define f: M/N — P by setting f([m]|n) = g(m), and this
f is well-defined and also R-linear (check this).
In few words: an R-linear map with M/N as source is the same amount of infor-
mation as an R-linear map with M as source, whose restriction on N vanishes.
The situation with a cokernel is very similar. Let h: N — M be an R-linear map
(possibly, a non-injective one), and let P be an R-module; let 7;,: M — coker(h)
be the projection to the cokernel, which is by definition a quotient of M. Then
there is a bijective correspondence between the following:

e R-linear maps f: coker(h) — P;

e R-linear maps g: M — P such that the composition go h: N — P is the

Z€ro map.

The bijection associates f: coker(h) — P with fom,: M — P.

2.3. Presenting a module by generators and relations. Let now M be an
R-module, and let S C M be a generating set (e.g. the entire set M, but often
something smaller suffices!). Let Fy = @, 5 RlIl; then there is a surjective map

go: Fo = M, g(ts(1)) = s.

Here we use that an R-linear map out of a free R-module is uniquely determined
by its values on the basis of the free module. The image of g contains S, hence it
contains Spang(S) = M, and that’s why we know that g is surjective.
The kernel ker(gg) is then some submodule of Fpy; we can fix a set S’ C ker(go)
of generators and repeat the trick: we let F} = @5, et B and consider the map
g1: F1 — Fy given by t(1) — s’. The image of this map is the submodule of Fy
generated by &', i.e. Im(g1) = ker(go).
The map go: Fo — M is surjective, and vanishes on ker(gg), hence it induces an
R-linear map fo: Fy/ker(gg) — M: check that this map is both surjective and
injective, hence an R-linear isomorphism. Since ker(go) = Im(g1), we can write
also

coker(g1) = Fo/Im(g1) = Fo/ ker(go) = M.

Lo explain notation: the letter “F” because it is a free module; the index “0” will be clear
later in the course
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Definition 2.2. A presentation of an R-module M is the datum of an R-linear
map g1: F1 — Fy between free R-modules, together with an isomorphism

fo: coker(g;) — M.

We consider Fj as giving the generators of M: indeed the composition go: Fy — M
given by

Fy —"— coker(g1) EELENG V)

is surjective, where 7 is the projection onto the cokernel; and we consider F as
giving the relations between the generators: indeed the kernel of the above compo-
sition go: Fo — M is Im(gq).

One usually writes sloppily g1 : F1 — Fp for a presentation of M, neglecting to also
specify an isomorphism coker(g;) = M. It is better to write F; — Fy — M for a
presentation of M.

Example 2.3. Let M = P, ; R be a free module. Then there is a presentation
of M with Fy = M, F; = 0 (the zero module), so that coker(0: Fy — Fp) is
canonically identified with Fy and hence with M. We see that M is “free from
relations”, and that’s why we call it (a bit tautologically) a free module.

Example 2.4. Let R = Q[z,y] and consider M = (x,y) C Q[z,y], the ideal of
polynomials in two variables with vanishing constant term. Define a map go: R &®
R = R%? — M by sending (1,0) — z and (0,1) > y.

Every polynomial in M is a sum of non-constant monomials, i.e. monomials which
are multiples of & or of y (or both): this implies that go is surjective. Moreover,
let (a(z,y),b(x,y)) € R? be a couple of polynomials in z,y which is in the kernel
of go: then a(z,y) -z +b(z,y) - y=0¢€ M = (z,y) C Qlz,y]. It follows that all
monomials in a are multiples of y and all monomials in b are multiples of x, and
moreover a(x,y)/y is the same polynomial in z,y as —b(x,y)/x.

We can thus define an R-linear map g;: R — R? by sending 1 — (y, —x), and thus
ag1(c(z,y)) = (c(z,y) -y, —c(z,y) - ). The image of ¢y is the kernel of gg, and thus
M admits a presentation with 2 generators and 1 relation. We can write this as

R-2Z R XM
2.4. Tensor products over commutative rings. The following is the “bad def-
inition” of the tensor product. It is an explicit construction, but it produces an
R-module that, in principle, is difficult to handle with: it has a lot of generators and
a lot of relations. Only after proving Proposition we will be able to understand
what makes the tensor product so special.

Definition 2.5. Let M and M’ be R-modules. We define an R module M @ g M as
follows. We start with the free module F' = @(m’m,)eMxM, R, with canonical basis
elements denoted (m,m) = t(p mry(1). We then consider the submodule N of F
generated by all elements of the following forms, for all my,my € M, m{,m} € M’
and r € R:

(m1 +ma,mi) — (ma,
(ma,my +my) — (ma,
(r-mq,m})) —r-(my,m
(my,r-m)) —r-(my,m

(m27m/1);

)_

) = (ma,m3);
).

)

m
m

)

!
1
!
1
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Finally, we define M ®g M’ as the quotient R-module F/N. The class of the
generator (m,m’) in F//N is also denoted m®@m’ € M ®r M'.

The map of sets pg: M x M/ — M ®r M’ is defined by pg(m, m') = m®@m’, and
it is by construction an R-bilinear map.

In a sense, Definition [2.5] produces an R-module P which is designed in order to
receive a bilinear map from M x M’. The following proposition makes this idea
more precise.

Proposition 2.6. Let u: M x M’ — P be any R-bilinear map, with target any
R-module P. Then there exists a unique R-linear map 0: M @gr M’ — P such that
the following diagram of maps (of sets) commutes:

Mx M 25 Mor M
\‘ l&
P.
Proof. Since M ® M’ is a quotient F/N, giving an R-linear map 0: F/N — P is
equivalent to giving an R-linear map 6: F — P that vanishes on N: the map 6 is

obtained from 6 as the composite F' — F/N 4% p.
If we want the diagram to commute, we must have the equality
O(m,m') = §(m @ m') = p(m, m’)
for all (m,m’) € M x M’'. Thus the map 6 is forced on the R-basis of F given by
the elements (m,m’), and we can conclude that there are two possibilities:

e cither #: F — P descends to an R-linear map 6: F/N — P, i.e. it vanishes
on N;
e or 6 does not descend to an R-linear map 6: F/N — P.

In the first case, we would have that 6 exists and is unique; in the second case
instead we would have that 6 does not exist. Let us rule out the second case.

To prove that 6 vanishes on N, it suffices to prove that it vanishes on generators
(1)-(4) of N. Let us compute as example the image of a generator of N of type (3)
along 6:

O((r-my,mh) —r-(my,mh)) = O(r - my,mt) —r-0(my,m))

= plr-my,my) —r - p(my,mi) = 0.

In the first equality we use R-linearity of 8: F — P; in the second we use the
definition of 6, i.e. its evaluation on the basis of F; in the third we use that
w: M x M' — P is R-bilinear.

In a similar way one can check that all generators of N are sent to 0 along 6. O

Motivated by Proposition [2.6] we give the following, which is the “good definition”
of the tensor product, by universal property.

Definition 2.7. Let M and M’ be R-modules. A universal bilinear map for M x M’
is the datum of a couple (P, ji), where P is an R-module and where fi: M x M’ — P
is an R-bilinear map, satisfying the following property (called universal property):
whenever (P, pu) is a (possibly different) couple with P being an R-module and
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pe M ox M ’ — P an R-bilinear map, then there exists a unique R-linear map
#: P — P such that the following diagram of maps of sets commutes:

MxM —25 p
Xlg
P.

At first glance, it is not clear why the previous is a definition at all. A priori, such a
wonderful (P, ji) could not exist at alll But here Proposition helps us: it tells us
that in fact (M ® M', ug) satisfies the property required for (P, ). On the other
hand, giving a property of an object often does not suffice to define the object.
We have to check that, in fact, the property of (P, /i) in Definition suffices to
determine this couple, at least up to isomorphism.

The argument is as follows. Let (P,f) and (P, i) be two couples satisfying the
property required by Definition If you wish, think that (P,f) is the tensor
product from Definition and (P, fi) is instead obtained in another way.

Since ji: M x M" — P is an example of an R-bilinear map with source M x M, the
universal property of (P, ji) implies that there is a unique R-linear map 6,: P — P
such that the following commutes

Viceversa, since fi: M x M’ — P is R-bilinear, the universal property of the couple
(P, i) implies that there is a unique R-linear map 65: P — P such that the following
commutes

MxM 2P
x J(OZ
P.
Moreover, since ji: M x M’ — P is R-bilinear, the universal property of (P, 1)

itself implies that there is a unique R-linear map 0: P — P such that the following
commutes

MxM 25 p
N
P.

In the last diagram we have two natural candidates for 6: one is Id 5, and the other
is 61 o f5: this second map makes the last diagram commute because we can glue
the two previous diagrams, in which 6; and 6 appear.

By uniqueness of 6, we get that Idp = 6; o f,. Similarly, using the universal
property of (P, /i) against i, one obtains that Ids = 5 0 #;. This means that 6,
and 0, are inverse R-linear isomorphisms between P and P, and that along these
isomorphisms the bilinear maps i and i are identified. In this sense, Definition [2.7]
characterises a universal bilinear map out of M x M’ up to canonical isomorphism.
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Example 2.8. Let f: M — N and f': M’ — N’ be R-linear maps. You can check
that for any R-bilinear map pu1: N X N’ — P the composite map of sets

MxM 25 NN 2y p

is an R-bilinear map uo: M x M’ — P. This holds in particular when P = N®@g N’
and 3 = pg: N x N' — N ®gr N’ is the universal bilinear map of N x N'.
The universal property of M ®r M’ implies that there is a unique R-linear map
0: M @r M’ — N ®g N’ such that the following diagram commutes

Mx M 225 Mo M

lfxf' la

NxN 25 NegN.
The map 6 is often denoted as f @ f': M @r M’ — N ®@r N'.

Exercise 2.9. Let F' = @,.; R and F' = ;s R be free R-modules, and let
F" =D ; inerxr It be also a free R-module. We have a bilinear map fi: F'x F’ —
F" given by the following formula, where elements of free modules are represented
as (finite) linear combinations of basis elements:

f: <2Ti'bi(1)> ZT; 'Li’(1)> — Z (Ti'rgl)'b(i,i’)(l)-
(i,!

iel iel’ YeIXI’

Check that the previous assignment is indeed bilinear. Check moreover that j sat-
isfies the universal property to be a universal R-bilinear map out of F' x F’. This
implies that (F”, i) is a model for the tensor product F ®g F’. This model is much
better that the one from Definition [2.5] as it exhibits immediately the tensor prod-
uct as a free R-module. Thanks to this construction and thanks to the fact that the
universal property characterises the tensor product up to canonical isomorphism,
we of course get that also the tensor product as constructed in Definition [2.5]is a
free R-module.

2.5. Left and right modules. At this point we abandon the hypothesis that R
is a commutative ring, but we still assume that it is associative and it has a neutral
element 1 € R.

Example 2.10. Here are two prominent examples of non-commutative rings that
one really wants to study:

e Let F be a field and k > 2. Then the ring My (F) of matrices of size k x k
with coefficients in F is one of the fundamental objects to consider in linear
algebra.

e Let G be a non-commutative group. Then the group ring Z[G] is the
following ring: as an abelian group it is sea L, where we denote simply
by g the element ¢4(1); the product is defined by the rule

Zag'g ) Z bg’g/ = Z (ag'bg’)'gg/-

geG g'eG (9,9")EGXG

where all sums are assumed essentially finite (finitely many non-zero sum-
mands). Module theory over Z[G] is known as representation theory of G,
and is one of the most central theories in mathematics.
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The theory of modules becomes immediately more complicated, in that we can
define two distinct types of modules.

Definition 2.11. A left R-module is an abelian group M with a multiplication by
scalars

Rx M — M, (r,m)—=r-m
satisfying the following properties, for all r,7’ € R and all m,m’ € M:

(1) T-(m—km’):r.m_i_r_m/;
2) (r+r)y-m=r-m+r -m;
(3) r-(r'-m)=(r-r)-m;

(4) 1-m=m.

A right R-module is an abelian group M’ with a multiplication by scalars
MxR— M, (m,r) —r-m

satisfying the following properties, for all r,7' € R and all m,m’ € M:

(1) (m+m)y-r=m-r+m - r
(r—|—r) m-r+m-7r';

(2) m
()( ) r=m-(r-r');
(4) m m.

As one can see, property (3) can be expressed both in the left and in the right
module case as follows: no matter how we put parentheses, the product 7 -7 - m
(respectively m - r - 7') is always the same element in M (respectively in M’). We
will use the following heuristic principle very often: axioms and definitions relative
to left and right modules should be expressed as much as possible as equalities
between expressions in which only the parentheses (and possibly a “®” symbol)
are moved; these equalities should therefore represent some sort of associativity
between various types of multiplication.

Roughly speaking, there is a part of the theory that only deals with left R-modules,
an analogue part that only deals with right R-modules, and a part of the theory
that needs both notions at the same time. To simplify the exposition, whenever the
theory only deals with one type of module, I will discuss it considering left modules,
and leave to you to transform the statements into the setting of right modules.

2.6. What can be recycled from the last lecture. The following definitions,
observations and constructions from last time can be repeated word by word for
left modules:

e a submodule of a left R-module M is a sub-abelian group N C M which
is closed under scalar multiplication; the quotient M/N is also a left R-
module;

e if S C M we have a submodule Spany(S) C M;

e if R — S is a homomorphism of rings, then any left S-module becomes a
left S-module;

e if (M;);cr is a collection of left R-modules, then [ ], M; is a left R-module,

containing a submodule B, ; M;.

R is a left R-module; a free left R-module is one of the form &, ; R
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2.7. Homomorphisms of modules. The first instance of a separation between
left and right R-modules is that, in the case of a non-commutative ring R, it is only
meaningful to define R-linear maps from a left to a left R-module (or from a right
to a right). We first give the definition, and then see what goes wrong in trying
naively to define R-linear maps from a left to a right R-module.

Definition 2.12. Let M and N be left R-modules. A function f: M — N is
R-linear if it is a homomorphism of abelian groups and for all r € R and m € M
the following equality holds:

fr-m) =r-(f(m)).
The set of all R-linear maps from M to N is denoted Hompg(M, N).

The formula in the previous definition is against our heuristic principle: if we remove
parentheses, we get “frm” on left and “rfm” on right. This has a purely linguistic
reason: when we talk of a function f: M — N, we use to say “f of m” and write
f(m), instead of saying “of m, f” and writing (m)f. It might be surprising, but in
the case of left R-modules it would be better to use the second terminology, and
think of R-linear maps as acting on right. The axiom for an R-linear map of left
R-modules becomes

(r-m)f=r-((m)f),
which now satisfies our heuristic principle. For rights R-modules our old convention

is perfectly fine: an R-linear map f: M — N between right R-modules should be
thought of as acting on left and the axiom becomes

f(m-r)=(f(m))-r.
If you are not convinced about the heuristic principle, see the following example.

Example 2.13. Let M be a left R-module and N be a right R-module. We would
like to say that a homomorphism of abelian groups f: M — N is R-linear if it
satisfies f(r-m) = f(m) - r. Of course, the previous formula doesn’t respect our
heuristic principle. What happens concretely is the following: let f be a naively
R-linear map in the previous sense; then for all r,s € R and m € M we have

fm)-(r-s)=(f(m)-r)-s=f(r-m)-s=[f(s-(r-m))
= [((s-7)-m)=f(m)-(s-7)

This means that the image of f is contained in the subset (in fact a sub-right-R-
module) N¢™™ of N of elements n € N that are sent to 0 by the right scalar
multiplication by all elements of the form rs — sr € R (such elements are often
called commutators). In other words, we are really considering an R-linear map
f: M — Ne™™_  Now N™™ is usually very small, and anyway it feels strange
that a generic R-linear map with target IV only uses a certain submodule for the
image, right?

Let M, N be left R-modules. The set Hompg(M, N) is naturally an abelian group by
pointwise sum of functions: if f, g: M — N are R-linear, then f+ g is automatically
R-linear. Unfortunately, however, there is no good way to upgrade this to an left
or right R-module structure on Homp (M, N). The naive idea would be to define,
for an R-linear map f: M — N and for r € R, a new map g: M — N by the rule

(m)g = (r-m)f =r-((m)f).
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Note that the two expressions are automatically equal because f is R-linear. How-
ever, the map g is in general not R-linear: let s € R, then we have

(s-m)g=r-s-(m)f#s-r-(m)f=s-(m)g,

where the inequality holds in general (but of course could be an equality sometimes).

2.8. Bilinear maps and tensor products. The heuristic principle really helps
us when trying to understand what an R-bilinear map should be in the case of R
non-commutative. It turns out that the only sensible definition is the following.

Definition 2.14. Let M be a right R-module and M’ be a left R-module, and
let P be an abelian group. An R-bilinear map pu: M x M’ — P is a map of sets
satisfying the following requirements, for all my, mg € M, m}, m} € M’ and r € R:

(1) p(my +mg,mh) = p(my, m}) + p(me, my) € P;
(2) p(my,mq +my) = p(my, my) + p(my, my) € P.
(3) p(my -r,my) = p(my,r-m}) € P;

Note that condition (3) is in line with our heuristic principle, as we see the letters
myrm} as argument of u on both sides. The tensor product M @ M’ will be only
an abelian group, defined as follows.

Definition 2.15. Let M be a right R-module and M’ be a left R-module. A
universal bilinear map for M x M’ is the datum of a couple (P, /i), where P is
an abelian group and where ji: M x M’ — P is an R-bilinear map, satisfying the
following wuniversal property: whenever (P, u) is a (possibly different) couple with
P an abelian group and p: M x M’ an R-bilinear map, then there exists a unique
homomorphism of abelian groups §: P — P such that the following diagram of
maps of sets commutes:

MxM —2s P
\‘lg
P.

The proof that such a couple (P, i), if it exists, is unique up to canonical iso-
morphism, is word by word the same as in the case of a commutative ring. The
existence of a universal bilinear map is given by the following definition, which is
analogue to Definition [2.5)

Definition 2.16. Let M be a right R-module and M’ be a left R-module. Consider
the free abelian group A = @(m’m,) € M x M'Z with basis the elements of the set
M x M'. Denote (m,m’) = t(m,m(1) € A. Let B C A be the subgroup generated
by the following types of elements, for varying mi,ms € M, m),m, € M’ and
r e R:

(1) (ma +ma,my) — (m1,mh) — (ma,m));

(2) (m1,mi +mj) = (ma,my) — (my,mj).

(3) (mq-r,my) — (mqy,r-m)).
We set M ®@p M’ to be the abelian group A/B. We denote by m@m/ = [(m,m’)]p.
We have a R-bilinear map pg: M x M' — M ®g M’ given by (m,m’) — m @ m/.

As an exercise, copy and adapt the proof of Proposition [2.6] to show that Definition
m gives a universal R-bilinear map out of M x M’.
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2.9. Some examples over the integers. Let R = Z throughout the subsection,
and consider first the modules M = Z/2 and N = Z/2. What is M ®z N7 We
definitely have a Z-bilinear map

p:Z/2xXZ]2 —Z7/2, ([ml2, [n]2) — [mn]s.

(Check that indeed this map is Z-bilinear; it should be intuitive because it is the
product of the ring Z /2, but intuition is not always leading in the right place...). We
now claim that (Z/2, i) is a universal bilinear map out of Z/2 x Z/2, in the sense
of Definition To prove this, let (P, ) be any couple where P is a Z-module
and p: Z/2 x Z/2 — P is any Z-bilinear map. Let [m]s, [n]z € Z/2, and without
loss of generality use m,n € {0,1} as representative of classes modulo 2. We have

pu([ml2, [n]2) = p(m - [12,n - [1]2) = mn - p(([1]2, [1]2).
Let’s give the name p = u([l]2,[l]2) € P. By the previous reasoning, we have
wu([m]z2, [n]2) = 0 € P if either m or n is 0. Moreover we can compute

0= p([22, [1)2) = u(2 - [, [1]2) = 2 p(([1]2, [t]2) = 2 - p.

Overall, u sends 3 out of 4 elements of Z/2 x Z/2 to 0 (the ones “containing an even
coordinate”), and sends the last element to an element p satisfying 2p = 0 € P.
But then we can define a Z-linear map 60: Z/2 — P by setting [1]s — p (and of
course [0]z — 0 € P). You can check that this map 6 is the unique Z-linear map
Z/2 — P (in fact it is also the unique map of sets!) such that y = fop. Conclusion:
Z]2@7Z]2=7)2.

Let’s now see what happens with M = Z/2 and N = Z/3. We obviously can take
P = 0, the zero Z-module, and consider the zero map M x N — P, which is Z-
bilinear. This is boring: can we do better? No! Let us check that the zero map
f: Z/2 x Z/3 — 0 is the univeral Z-bilinear map out of Z/2 x Z/3. Let therefore
(P, i) be another Z-bilinear map towards a Z-module P. Then for all m,n we have

1([mlz, [n]s) = p(3 - [m]a, [n]s) = p([m]z2, 3 - [n]3) = p([ms, [0]3)
= p([m]2,0- [1]3) = 0 - p([m]a, [1]3) =0

This means that p is the constant 0 map. The constant 0 map factors uniquely
through the zero Z-module, so (0, i) has the univeral property.

3. PROPERTIES OF HOM AND TENSOR, EXACT SEQUENCES

3.1. A small ambiguity. Let R be a commutative ring, and let M and M’ be
two R-modules. We have defined so far M @g M’ in two different ways:

e as an R-module, as a certain quotient of F := @(m’m,)eMxM, R; let me
call it (M XRnr M’)l;

e we can also forget that R is commutative and consider M as a right and M’
as a left R-module; then we can use the recipe for non-commutative rings
and define M ®p M’ as an abelian groups, namely as a certain quotient of
A= @ (;nmrye s Ls let me call this (M ®@p M')s.

It turns out that forgetting the R-scalar multiplication of (M ®g M');, we do
actually get an abelian group isomorphic to (M ®g M’)2. A map of abelian groups

(M Rr M/)g — (M QR Ml)l

can be constructed as follows: the map ug: M x M’ — (M ®pr M’); is “R-bilinear”
in the first given definition, treating M and M as R-modules and treating (M ®p
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M’); as an R-module; in particular, it is also “R-bilinear” in the second given
definition, treating M as a right R-module and M’ as a left R-module, and treating
(M ®gr M'); only as an abelian group. so the universal property of (M ®gr M')s
gives a map of abelian groups (M ®g M')s = (M @p M');.

Exercise 3.1. Prove that the previous map of abelian groups is an isomorphism.

3.2. Universal property of products and direct sums of modules. Let R be
a (possibly non-commutative) ring. We have introduced left and right R-modules,
and R-linear maps. We thus obtain the following two categories.

Definition 3.2. The category rpMod has left R-modules as objects and R-linear
maps of left R-modules as morphisms. Composition of maps is defined by com-
posing R-linear maps as maps of sets and recognising that the resulting composite
map is again R-linear.

Similarly, Modg is the category with objects right R-modules and morphisms the
R-linear maps of right R-modules.

In this subsection we focus on left R-modules, but we could make an analogue
discussion about right R-modules. Let (M;);er be a collection of left R-modules.
We have constructed the left R-modules [],.; M; and inside it we have identified
EBie ; M;. Both these modules can be characterised by a universal property.

Definition 3.3. Let C be a category and let (z;);c; be a collection of objects in C.
A product of the x;’s is the datum (g, (7;):cr) of an object § and a collection of C-
morphisms 7;: y — x; with the following universal property: whenever (y, (7;):cr)
is the datum of an object y € C and a collection of C-morphisms 7;: y — x;, there
is a unique map 6: y — g such that for all ¢ € I we have m; = 7; 0 6.

Similarly, a coproduct of the z;’s is the datum (Z, (7;);cr) of an object zZ and a
collection of C-morphisms z;: x; — 2z with the following universal property: when-
ever (z,(t;)ier) is the datum of an object z € C and a collection of C-morphisms
Lt x; — z, there is a unique map 6: § — y such that for all ¢ € I we have ¢; = fou;.

For a generic category C and a generic collection (z;);c; of objects, there are two
possibilities: either there exists a product (respectively, a coproduct) of the collec-
tion, and in this case it is unique up to a canonical isomorphism identifying also
the structure maps to (from) the x;’s; or there exists no product (no coproduct).

Notation 3.4. If a product (g, (7;)icr) of the x;’s exists, the object g is usually

denoted [],c; 2; € C, but remember that this is only half of the information of a

product: the other half are the morphisms 7; towards the z;’s.

Similarly, if a coproduct of the x;’s exists, its underlying object is usually denoted

[;c; z: € C, and unfortunately there seems to be no standard notation to denote
“,

the structure morphisms from the z;’s to the coproduct (I'm using the letter “
for them).

In the category gRMod, the product module ], ; M; with coordinate projections
Tt Hiel — Mj is a model for the categorical product, i.e. it satisfies the universal
property.

Similarly, in gRMod, the direct sum €p,.; M; with the maps ¢;: M; — P
a model for the categorical coproduct, i.e. it has the universal property.

iel Mj 1S
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For a generic left R-module N, we then have isomorphisms of sets

Homp (@Mi,N> = HHomR(MiaN)§

i€l i€l

Homp (N, HMi> = HHomR(N, M;).
i€l i€l

Check that the previous are a isomorphisms of abelian groups, and if R is commu-

tative they are even isomorphisms of R-modules.

If I is finite, we saw that the inclusion €,;c; M; C [[;c; M; is in fact an equality.

This is a special property of the category gkMod: finite coproducts “coincide” with

finite products. In particular, there is an object, the zero module, which is both

the empty categorical coproduct (initial object) and the empty categorical product

(final object).

This is for example not the case for the category Set of sets: a disjoint union of

two sets is usually not the same as the cartesian product of sets. And the empty

set (initial object) is not isomorphic to the one-point set (terminal object).

3.3. Distributivity of Hom and tensor. In this subsection we do not assume R
commutative; if however R is commutative, we write in parentheses what happens
more. Let M, M’, N, N' be left R-modules; then we have isomorphisms of abelian
groups (of R-modules)

e Homp(M @& M',N) =2 Homp(M, N) ® Homg(M’, N);

e Homp(M,N @& N') 2 Hompg(M, N) @ Homg(M, N');
This follows from the previous subsection, using I of cardinality 2. What happens
with the tensor product? Let (M;);cr be a collection of right R-modules and let N
be a left R-module. For each j € I the composition

Lj XIdN

Mj x N = (@, M) x N - (Dicr Mi) ®r N

is the composition of a cartesian product of R-linear maps with an R-bilinear map,
hence is R-bilinear, hence it induces a map of abelian groups (of R-modules)

v @Idy: M ®p N — (@MJ ®r N.
i€l

By the universal property of direct sum, these maps assemble into a map

6%9Lj@§IdNﬂ 6%9(A43§§R]V>—% (é{)ﬂf{)(@RJV.

jeI jer icl
Proposition 3.5. The above map is an isomorphism.

One usually says that the tensor product is “distributive with respect to direct
sum”, or it is “biadditive”. I leave the proof of the previous proposition as ex-
ercise. A good way to attack the exercise is to try to prove that the abelian
group P jer (M; ®g N) receives a universal R-bilinear map from the product of

R-modules (one right, one left) (,.; M;) x N.
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3.4. More properties of Hom and tensor over commutative rings. Let R
be a commutative ring throughout the subsection, and let M and M’ be R-modules.

Example 3.6. We give a hands-on proof that if S € M and 8’ C M’ are generating
sets for M, M’ as R-modules, then the set S”" = {s® s’ : (s5,8') € S xS’} C M ®p
M’ generates M ®r M’ as an R-module.

Surely, the set {m@m’: (m,m’) e M x M'} = Im(ug) C M ®r M’ suffices to
generate the entire M ®g M’ as an R-modulg? So we want to prove that for all
(m,m’) € M x M’, the element m ® m’ can be generated using the set §”. Write

k K .
m=7y . ,ri-s;and m' = ijl r} . s;-, with ri,rg» € R, s; €S and s; € S'. Then

we have

k K koK
mm' = <Zri-si> ® Zr; - ) :ZZ(riT;)~(si®s;).
i=1 j=1 i=1 j=1
In particular, if both M and M’ are finitely generated, then also M ® M’ is finitely
generated as an R-module (but possibly not as an abelian group!).

Ask yourself how much one can adapt the previous example to the case of non-
commutative rings Iﬂ

Example 3.7. Let I be an ideal of R. We set M’ = R/IH and want to compute
M ®r R/I. Let IM C M be the submodule generated by all elements of the
form r - M, for r € I and m € M, and consider the quotient M/IM. There is an
R-bilinear map

p: M x R/I — M/IM, (m, [r]r) = [r-m]rm.

Check that the previous map is well-defined and R-bilinear. We want now to check
the universal property for the couple (M/IM, ). Let u: M x R/I — P be an
R-bilinear map towards some R-module P. Then the ma

:u(_v[l]l): M_>P7 mHN(mv [1]1)

is R-linear from M to P, and vanishes on the generating set {r-m: r € I,m € M}
of IM: we have

p(r-m, 1) = p(m,r - [1]1) = p(m, [r]r) = p(m, [0];)
= pu(m,0-[0]y) = 0 - p(m,[0];) = 0.

Thus we get an R-linear map 6: M/IM — P. Check that § o i = p as maps of
sets, and that @ is the only R-linear map M/IM — P with this property.

As an application, let I,I'’ C M be two ideals. Then R/I ® g R/I' = R/(I,I') as
R-modules, where (I,1’) is the ideal generated by I and I’. Another application:
M ®p R =2 M as R-module. Adapt the previous example to study R/I ® M, or
just prove the following general lemma.

2in fact, it suffices to generate M ® g M’ even as an abelian group!

3Probably not much, for generic rings. In particular, one now needs to find generators of the
tensor product as an abelian group, so one in general needs a lot of generator to compensate the
lack of scalar multiplication times R in the tensor product.

4An R-module of the form R/I is usually called a cyclic R-module, and it is characterised by
admitting a generating set with a single element

5This is a special case of a general phenomenon: if R is commutative and pu: M ® M’ — P is
R-bilinear, then for all m’ € M’ the map pu(—,m’): M — P is R-linear. And similarly fixing the
first variable and letting the second vary.
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Lemma 3.8. Let R be a commutative ring and let M, M', P be R-modules. Then a
map of sets p: M x M’ — P is R-bilinear if and only if the composite poswap: M’ x
M — P is R-bilinear, where swap: M’ x M — M x M’ is the map of sets swapping
coordinates. Hence, the two R-modules M @r M' and M’ @r M have equivalent
universal properties and are thus isomorphic.

Ask yourself how much one can adapt the previous example to the case of non-
commutative rings R. Be careful with left and right ideals!

Example 3.9. Let again I be an ideal of R and set M’ = R/I again. We want
to understand Hompg(R/I, M) as an R-module. An R-linear map f: R/I — M is
equivalent to an R-linear map ¢g: R — M that vanishes on the submodule I C R.
On the other hand, an R-linear map g: R — M is uniquely determined by ¢g(1) € M,
and if we want g|; = 0, we need to ask r- g(1) = 0 for all » € I. This is a condition
on the element ¢g(1) that we pick as image of M.

If we define M[I] C M the sub-R-module of elements m such that r - m = 0 for all
r € I, we get a bijection of sets Homp(R/I, M) = M[I]. Check that this is in fact
an isomorphism of R-modules.

Ask yourself how much one can adapt the previous example to the case of non-
commutative rings R. Again, be careful with left and right ideals!
As applications of all previous examples to the case of Z-modules with a single
generator, we get the following classical table of isomorphisms, where a,b > 1 are
integers, and ged(a,b) is the greatest common divisor of a and b. Every mathe-
matician should know this table by memory and repeat it before every meal.
Homy(Z,Z/b) = Z/b;
Homy(Z/a,Z) = 0;
Homy(Z,Z) = Z;
Homy(Z/a,Z/b) = Z/gcd(a, b);
7 Q7 7/b = 7/b;
Lo ®z 7 = 1] a;
7 Ry 1 = Z;

o 7Z/a®yZ/b=Z/ged(a,b).
Using the distributivity of Hom and tensor over direct sums in both entries, one can
compute Hom and tensors for every finitely generated Z-module. Indeed all finitely
generated Z-modules are finite direct sums of 1-generated modules (i.e. modules
which are isomorphic to a quotient of Z).
The same holds more generally for PIDs: if R is a domain with principal ideals,
then every finitely generated module over R is isomorphic to a module of the form
@le R/I;, where I; is either the zero ideal (in which case R/I; & R) or it is the
ideal (r;) of multiples of some element r; # 0. Moreover one can adapt the table
above, by replacing all instances of “Z” with “R”, and by reinterpreting R/a as
R/(a) (and similarly for b).

Example 3.10. Let R = Q[z] and consider the modules Q*, which now we can
call with a more proper name, that is, Q[z]/(z — A). For A # X we already saw
that

Homgqy,) (Q[z]/(z — A), Qz]/(z — X)) = 0.
Now, using that Q[z] is a PID, we recover this fact from the above argument, as a
consequence of the fact that ged(z— X\, z—X) = 1, i.e. the two polynomials have no



HOMALG 2021 23

common factor of positive degree, or i.e. the ideal (x — A,z — \') C Qx| generated
by the two polynomials coincides with the entire Q[z]. In a similar way we have

Q[z]/(z — A) ®qpe) Qlz]/(z — N') = 0.

In the previous example Q can be replaced by any field. But it is important to
remember that only if R is a field the polynomial ring R[z] is a PID.

3.5. Exact sequences. In this subsection we let R be a possibly non-commutative
ring, and we focus on left R-modules. Everything can be adapted to right R-
modules. In the case of an inclusion N < M of a submodule into a module, the
cokernel coincides with the quotient module M/N from Definition We then
have three modules intertwined by two R-linear maps, as follows:

N —— M —" M/N,
where i: N — M is the inclusion and p: M — M/N is the projection.

Definition 3.11. A short exact sequence (SES) of R-modules is the datum of three
modules M’, M, M" and two R-linear maps i: M’ — M and p: M — M" with the
following properties:

(1) ¢ is injective;

(2) p is surjective;

(3) ker(p) = Im(4); in particular this implies that i o p is the zero mapﬂ

The previous definition extrapolates precisely what happens in the situation of IV,
M and M/N. The idea of a short exact sequence is to “decompose” the middle
module M into two “smaller” modules M’ and M”. Note however that the adjective
smaller has a quite different meaning in the two cases: M’ is smaller in that it is
a submodule, M" is smaller in that it is a quotient module.

Example 3.12. Let f: S — R be a homomorphism of rings, and let
M —— M 2 M

be a sequence of three R-modules and two R-linear maps. Then we have a functor
f*: rRMod — sMod by restrictions of scalars: every left R-module becomes a left
S-module, and R-linear maps are automatically S-linear. Since the condition for
being exact does not really involve the ring acting on our modules, we have that
the previous sequence is exact of left R-modules if and only if it is exact of left
S-modules. In fact, one can take S = Z, which is the initial ring with unit, and
thus consider the previous as a sequence of Z-modules/abelian groups. Upshot: a
short sequence of left R-modules is exact if and only if it is exact when considered
as a short sequence of abelian groups.

The equality “ker(p) = Im(¢)” occurring in Definition is formally the same as
we encountered when defining a presentation F} — Fy — M of an R-module M
as a cokernel of an R-linear map between free modules. Since we encountered the
same situation twice, we should make this into a definition.

6Since we consider left modules, homomorphisms act on right, so are also composed in the
corresponding way. Here i o p is the map such that (m/)iop = ((m/)i)p for all m’ € M’
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Definition 3.13. An ezact sequence of R-modules is the datum of an interval]
I € Z and R-modules (M;);c; and R-linear maps (g;: M; — M;_1);i—1er such
that whenever i + 1,7,i — 1 € I the following equality of submodules of M; holdsﬁ
Im(git1) = ker(g;).

An exact sequence has thus the form

) gi+2 Mi+1 Gi+1 Mi gi Mi—l gi—1 o
It has the property that the composition of every two consecutive maps g; 11 © g; is
the zero map: this is equivalent to the containment Im(g;4+1) C ker(g;), whenever
both terms are defined. But more holds: the last containment must be an equality.
We can anticipate the definition of chain complex.

Definition 3.14. A chain compler of R-modules is the datum of R-modules
(My)kez and R-linear maps (gr: My — My_1)rez such that for all k& € Z the
following containment of submodules of M} holds: Im(ggy1) C ker(gx). This con-
dition is equivalent to the equality gx4+1 0 gr = 0 as maps My — M.

In fact Example generalises to the fact that the functor f*: RkMod — gMod
sends exact sequences to exact sequences, and it sends chain complexes to chain
complexes.
We gave Definition [3.13] with generic intervals I C Z for the sake of generality,
but one usually can reduce to the case I = Z. We remark the following, where
all capital letters are R-modules and 0 is the zero module, and where we omit the
indices:
e 0— M % M is exact if and only if g: M — M’ is injective, as the image
of 0 - M is 0;
o M % M’ — 0is exact if and only if g: M — M’ is surjective, as the kernel
of M’ — 0 is the entire M’;
e 0 - M — 0 is exact if and only if M is the trivial module, as M must
inject into the trivial module (or equivalently, as the trivial module must
surject onto M);
e 00— M35 M — 0is exact if and only if g: M — M’ is an isomorphism,
putting together the first two observations;

e 0 M L M % M” — 0is exact if and only if M' L M 55— M is a
short exact sequence in the sense of Definition [3.11
Hopefully the last example explains why the word “short” has been assigned to
exact sequences of length 5 with 0 at the beginning and at the end: all shorter
situations, starting and ending with a 0, can be described completely with the
words “zero module” and “isomorphism of modules”.

3.6. Split short exact sequences. Again, R is possibly non-commutative and
we focus on R-modules, but the following can be repeated almost word by word for
right R-modules.

7An interval is a subset I C Z with the property that for all a < b < c € Z, if a,c € I, then
alsobel
8referring to the single equality at ¢ € I, we say that the sequence is exact “at M;”
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Example 3.15. Let M and N be two left R-modules. Then there is a short exact
sequence

N s NeM 5 M,
using the maps from Examples and

The previous SES has a special property: the surjective map mp;: N d M — M
admits a section, namely the R-linear map tp;. By “section” we mean an R-
linear map s: M — N @& M such that the composite M = N @& M ™ M is the
identity of M. The fact that my; is surjective only implies that there is a section
s: M — N @ M which is a map of sets. Finding a section which is also R-linear is
much more difficult, and not always possible for a generic SES.

Definition 3.16. Let

M — M —E M7
be a short exact sequence of left R-modules. We say that it is a split short exact
sequence if the surjective, R-linear map p: M — M" admits an R-linear section.

Being split is a property of a SES. The following proposition gives equivalent char-
acterisations of split SES.

Proposition 3.17. Let
M —— M 2 M

be a SES. Then the following are equivalent (each condition implies each of the
other):

e there exists an R-linear map s: M" — M, called section, such that sop =

Idagr;

e there exists an R-linear map r: M — M’, called retraction, such that ior =
IdMI,'

e there is an isomorphism ®: M — M' & M" making the following diagram
commute

M —— M —" M

J/IdM/ J/(I) J/Id]u//

M tm! M & M ™ M

I leave the proof of Proposition as exercise. Constructing 7 from s or viceversa
as maps of abelian groups is not difficult; checking that the obtained maps are
indeed R-linear is an essential part of the proof.

Example 3.18. Let R be a field. Then every short exact sequence is split: given a
basis S” of the vector space M”', we can define s: M” — M by mapping each basis
element s” € S” to some element in the preimage p~!(s”) C M, and extending
linearly over R. Check that the R-linear extension is indeed a section in the sense
of Proposition (3.1

The same holds when R is any ring and M" is a free module: also in this case
we have a basis with the same, needed formal properties to make the previous
argument work.

In the previous example, note that in general each of the fibres p~!(s”) contains
more than one element; thus there are in general more possibilities to choose a
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section s of p: M — M". In general, if M’ — M — M" is a split SES, it can
be split “in many different ways”, i.e. there can be multiple choices of a section
witnessing the splitness. Similarly, there can be many retractions r: M — M’ as
soon as at least one exists.

Example 3.19. Let £ be a prime number and consider the SES of Z-modules
7 —— 70> —"— 7J1,

where the first map sends [m]y — [mf]pz and the second map sends [n]e to [n],.
Then the preimage 7~ *([1];) contains the elements [fn + 1],z for varying n, and
all these elements don’t vanish when multiplied by £. As a result, there is only a
set-theoretic section of the surjective map m, but not a Z-linear section.

Compare now with the following SES

)t —— Z/[ Ll —— Z/L,

which is a particular case of Example [3.15] The latter SES is split, and it has the
same left and right term. Upshot: there can be SES with equal first and third term,
and yet with very different behaviour (e.g. one is split, the other is not). This does
not happen over a field.

Example 3.20. Let F be a field and consider R = F[z]. Then we have a SES of
Flz]-modules

Flz]/(z) —— Flz]/(2*) —— Flz]/(2),

where the first map sends [f(2)], — [z f(2)]2 and the second map sends [g(z)],2 —
[9(x)]. We want to argue that there is no F[x]-linear section of 7r; suppose by absurd
that such s: Flz]/(z) — Flz]/(2?) exists, and let g(x) be a polynomial such that
s([1]z) = [g(z)]z2. Then since s is a section, we must have that g(z) has constant
term equal to 1, i.e. g(x) is of the form 1 + xf(x) for some polynomial f(z). We
then have

(0,2 = s([0]2) = s(z - [Uz) = 2 - s([1]s) = 2 - [1 + 2f(2)]a2 = [2]a2 # [0]a2,

which is a contradiction. Thus the previous is a non-split SES of F[z]-modules. Note
however that if we consider it as a sequence of F-modules, i.e. F-vector spaces, then
it is split. We can find a F-linear section, but not a F[x]-linear section.

Upshot: being a SES is a property of the underlying abelian groups; being split
strongly depends on the ring we are working on.

4. BIMODULES AND ADDITIVE FUNCTORS

4.1. Bimodules. We can combine the notion of left and right module into a single
notion of bimodule.

Definition 4.1. Let R and R’ be two associative, unital rings. An R— R’-bimodule
M is an abelian groups M endowed with a structure of left R-module and also with
a structure of right R’-module, such that for all » € R, m € M and ' € R’ we have

r-(m-r')y=(r-m)-r.

The last condition is a form of compatibility between left and right multiplication,
or a form of associativity of all types of multiplication.
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Example 4.2. Each ring R is an R — R-bimodule, by using the ring multiplication
in both cases. The compatibility of left and right scalar multiplication is precisely
the associative property of the product of R.

Example 4.3. Let R be commutative. Then each R-module M is naturally an
R — R-bimodule. The scalar multiplication R x M — M, which is traditionally
expressed as a left scalar multiplication (r,m) — r - m, gives rise to a map of sets
M x R — R just by setting (m,r) — r - m. Commutativity of R ensures that the
second map makes M into a right R-module; moreover the two maps together make
M into an R — R-bimodule.

Example 4.4. Let R be non-commutative and M be a left R-module. Then
Endgr(M) := Hompg (M, M) is an abelian group (pointwise sum of R-linear maps),
but is also endowed with a binary, associative operation, given by composing func-
tions: (f,g) — fog. Check that the composition is distributive with respect to the
sum, i.e. the following holds, for all f, ', g € Endg(M):

o (f+fog=fog+foy

e go(f+[f)=gof+golf.
Moreover Idy is a left and right neutral element for o. It follows that Endg (M) is
an associative ring with unit. Finally, we can consider M as a right module over
this ring, by setting simply, for m € M and f € Endg)(M)

m- f = (m)f.
The two structures on M combine to an R — Endg(M)-bimodule structure on M.
Note that in the previous example it is very important to use the same ring R when
introducing Endr(M). For instance, we can also consider M as an abelian group

and thus as a right Endz(M)-module, but then it is in general not true that M
becomes an R — Endz (M )-bimodule.

Example 4.5. Let M be a left R-module. Then the fact that M is an abelian
group makes M into a Z-module, and we can consider M as a R — Z-bimodule.

Recall that in the non-commutative setting, in general, Homg and ® g only produce
abelian groups. However, if we use bimodules as inputs, we usually get modules as
outputs. See the following examples, where R and S are associative unital rings.

Example 4.6. Let M be an R — S-bimodule, and let M’ be a left R-module. Let
Homp(M, M') be the set of R-linear maps of left R-modules. Then Homp (M, M’)
is naturally a left S-module, by setting, for s € S, f € Homg(M, M') and m € M,

(m)(s- f) = (m-s)f.
The map s - f is indeed R-linear, as for all » € R we have
re((m)(s- f))=r-((m-s)f)=(r-(m-s))f =((r-m)-s)f =(r-m)(s-f)

Example 4.7. Let M’ be an R — S-bimodule, and let M be a left R-module.
Then Hompg(M, M') is naturally a right S-module, by setting, for s € S, f €
Homp(M,M') and m € M,

(m)(f-s)=(m-[) s
Check that the map f - s is indeed R-linear.
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Example 4.8. Let S’ be a third associative rind’} and let M be a S — R-bimodule
and M’ be a R — S’-bimodule. Then the abelian group M ®r M’ has a natural
structure of S — S’-bimodule, as we argue in the following.
In order to give a left S-module structure on M ®p M’, we need to define, for all
s € S, a map of abelian groups s+ —: M g M’ — M ®r M'. We wish to define
this map on simple tensors m ® m’, which generate the abelian group M ®g M’,
by the formula
s-(mem/)=(s-m)@m' e M@r M’,
and then “extend Z-linearly/additively”. One has to check that the previous as-
signment really induces a map of abelian groups. If simple tensors were a basis of
M ®pr M’ as free abelian group, this would be automatic; however, it is rather true
that the elements (m,m’) are a basis of a free abelian group A = @(m,m,)eMxM, Z,
and M ®r M’ is a quotient of A by a sub-abelian group B (see Definition m
To be precise, we should therefore first define a homomorphism of abelian groups
s«: A — A by setting s.(m,m’) = (s-m,m’) on the standard basis of A, and then
check that this homomorphism descends to a homomorphism s+ —: M @ M' —
M ®gr M’ on the quotient. Among other things one has to check the equality, for
all r € R,
[s«(m - r,m))|g = [sx(m,7-m)]B.
By definition of s, on basis elements, we have indeed
se(m-r,m/)=(s-(m-r),m)=(s-m)-r,m');
se(m,r-m') = (s-m,r-m');
[(s-m)-r,m)|g =[(s-m,r-m)]p.

The first equality follows from the axioms of S — R-bimodule on M; the third is a
consequence of property (3) in Definition applied to the elements (s-m) € M,
(m’-s') € M’ and r € R. This shows that for all s € S we get an additive map
s-—: M®rM' — M ®pr M’'. One then has to check that these maps fit together in
a left S-module structure on M ® g M’. For instance, one has to check that sys9 - —
is the composition (s; - —) o (s2-—). But to check that two maps of abelian groups
M ®r M — M ®r M coincide it really suffices to check that they coincide on a
generating set of M ® g M as abelian groups. For m € M and m’ € M’ we have
indeed

(s152) - (m@m') = ((s182) -m) @m’ = (51 (s2 -m)) @m’
=51 ((s2-m)@m’) =s1-(s2-(mam)).
After that, one has to repeat the argument on the other side, and check that there
is a right S’-module structure on M ®@g M’ satisfying, for all m € M, m’ € M’ and
sels,
(mem')-s=m@(m'-s')e Mer M.

And eventually one has to check that the two structures are compatible, i.e. one
really get an S — S’-bimodule structure on M ®g M’: again, the maps of abelian
groups (s-—)o(—-s') and (—-s')o(s-—) agree on the generating set of M @r M’ as
abelian group given by simple tensors (check this!), hence they are the same map
of abelian groups M @ g M’ — M Qg M’.

9We sake the greatest generality; setting some of the rings to be Z yields more specific examples
of the construction
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The heuristic principle governing the previous examples is the following: let M
and N be abelian groups with an action of R by scalar multiplication, such that
Homp (M, N) is defined (action on the same side), or such that M ®g N is defined
(action on opposite sides). Then every action of a ring S on either M or N, which
is compatible with the R-action, should induce an action of S on Hompg (M, N), or
respectively on M ®p V.

4.2. Hom-tensor adjunction. Let R be a ring, M be a right R-module, M’ be
a left R-module and P be an abelian group. On the one hand we can consider the
abelian group

Homgz (M ®@r M', P);

on the other hand we have a left R-module structure on Homy (M, P), using that
M is a Z — R-bimodule; this leads to a well-defined abelian group

Homp (M’', Homgz (M, P)) .

Proposition 4.9. In the above setting, there is a canonical bijection of abelian
groups
Homy (M ®r M', P) = Hompg (M’, Homy (M, P)).

In the following it is convenient to consider M and P as left Z-modules, and thus
let Z-linear maps act on right. Given an additive map f: M ® M’ — P, one can
define for each m’ € M’ an additive map

mf: M — P, m— (m@m')f.

The assignment m’ — ,,,/ f is R-linear: besides being additive (check it!) we have,
forallr e R

M) f) = (m 1) f=((m-1)@m)f = (m& (r-m))f = (m)rm f.
Thus we get an R-linear map g: M’ — Homg (M, P).
In the other direction, let g: M’ — Homgz(M, P) be an R-linear map. Then the
assignment
MxM =P, (mm) = (m)((m)g)
is an R-bilinear map out of M x M’ (check it carefully!), hence it induces an additive
map f: M ®r M' — P.

Exercise 4.10. Prove Proposition[£.9]by showing that the above constructions give
inverse bijections of the sets Homz (M ®gM’, P) and Hompg (M', Homgz (M, P)), and
checking that these bijections are compatible with the structure of abelian groups
that these sets have.

A variation of the previous is the following: if M is an S — R-bimodule, M’ is a left
R-module and P is a left S-module, then M ® g M’ is a left S-module, Homg (M, P)
is a left R-module, and there is a canonical isomorphism of abelian groups

Homg(M ®@r M', P) =~ Homg(M', Homg (M, P)).

Why is this subsection called Hom-tensor adjunction? Focusing on this second
example, we note that an S — R-bimodule M gives rise to a functor

M ®pr —: gMod — gMod,
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sending an object M’ to M ® M’, and an R-linear map f: M; — M) to the S-linear
map Idy ®r f: M @r M{ — M ®r M}. We also note that an S — R-bimodule M
gives rise to a functor

HOIHR(M, 7)2 SMOd — RMOd,

sending an object P to Homg (M, P), and an S-linear map ¢g: P; — P, to the map
— o g: Homg(M, P;) — Homg(M, P,). The previous discussion shows that the
two functors are adjoint, in particular the functor M ®pr — is left adjoint to the
functor Hompg (M, —)H But you have noticed that there is more to be said: the
two naturally equivalent functors

Homg(M ®gr —,—) , Homg(—,Homg (M, —)): gRMod’” K sMod — Set

actually don’t only land in the category of sets, but in the “richer” category of
abelian groups.

4.3. Z-linear categories and additive categories. In this subsection we focus
on left modules; similar considerations hold for right modules.
A priori, for a (locally small) category C and two objects x,y in C, the morphisms
Home (z,y) only form a set. However, we saw that for two left R-modules M, N,
the set Hompg (M, N) has a natural structure of abelian group, by pointwise sum of
functions.
Moreover, for three objects x,y, z in C, the composition law is defined as a map of
sets
Oz y.»: Home(z,y) x Home(y, z) — Home (z, 2);

however, if M, N, P are left R-modules, the map

om.n,p: Homp(M, N) x Homg(N, P) — Hompg(M, P)

is a Z-bilinear map from a product of Z-modules (abelian groups) to a Z-module
(abelian group): for example, for f,f': M — N and g: N — P we have, for
me M,

M)((f+ f)og) = ((m)(f + f))g = ((m)f + (m)f)g = ((m)f)g+ ((m)f)g
= (m)fog+(m)f oy,
ie. (f+ f)og=fog+ f og. We abstract this in the following definition.

Definition 4.11. A category C is enriched in abelian groups/ enriched in Z-
modules/ a Z-linear category if for all objects x,y € C the set Home(x,y) is en-
dowed with a structure of abelian group, in such a way that all composition laws
Home (z,y) X Home(y, 2) — Home(x, 2) are Z-bilinear.

Example 4.12. The category gpMod is enriched in Z-modules. Any subcategory
of RMod obtained by selecting some left R-modules, and taking all possible R-
linear maps between the selected moduleﬂ is again a Z-linear category. Example:
the category kMod/"°® of free left R-modules and R-linear maps between free left
R-modules, is a Z-linear category.

106 be precise, checking that for all M’ and P we have a bijection of sets Homg(M®rM’, P) =
Hompg(M’,Homg (M, P)) does not suffice: one needs to check that these bijections, taken together,
form a natural transformation of functors gMod°? K gMod — Set.

HThis type of subcategory is called a full subcategory
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Example 4.13. If C is a Z-linear category, then the opposite category C°P is also
Z-linear, by declaring the abelian group structure on the set Homeor (z,y) to be
that of the set Home/(y, x), leveraging on the fact that these sets are in bijection.
The fact that compositions are Z-bilinear is a consequence of Lemma 3.8

Example 4.14. Let R be an associative ring. We define a category Cr with a single
object *, and we set Home,, (%,*) = R. The identity of % is 1 € R; composition of
morphisms is given by multiplication in R. Moreover, the additive structure of R
is used to make Home,, (*, *) into an abelian group, and the axioms of ring ensure
that the composition map Home,, (, *) x Home,, (, *) — Home,, (%, *) is Z-bilinear.
Hence Cp is a category enriched in abelian groups.

For a ring R, we already saw that the category rpMod admits all products and
coproducts, even infinite ones; we also saw that finite products are isomorphic to
the corresponding finite coproducts (direct sums); in particular the terminal object
of RMod is isomorphic to the initial object of gMod.

Example shows that these additional properties don’t follows from being en-
riched in Z-modules: the category Cg, for example, admits no initial nor terminal
object, and for instance there is no object in Cg with the properties of a categorical
coproduct * L * or of a categorical product * x *x. We will be interested in the
existence of finite products and coproducts, so we give the following definition.

Definition 4.15. A category C is additive if it is enriched in Z-modules and if|
moreover, for all finite collection (x;);c; of objects in C, there exists a product

Hie[ ZT; in C.

Exercise 4.16. Prove that the above definition is complete: show that if C is Z-
linear and admits all finite products, then it also admits all finite coproducts and
these coincide with the products.

More precisely, if (z;);ecr is a finite collection of objects, and if (Hiel x;, (71'1')1'61)
is a product, then we can define maps ¢;: x; — [[,o; z; for all j € I, by using the
universal property of the product and declaring 7; o ¢; = Id,; and m; o ¢; = 0 for
all ¢ # j, where “0” is the neutral element in the abelian group Home/(z;, x;).
Prove that (Hiel T, (Li)ig) satisfies the universal property for being a coproduct
of (z;);er in C.

Hint: start by proving that a terminal object t € C (an empty product) is also
initial: if x € C and f: ¢t — x, then f = fold; = f o 0 = 0; justify all steps of the
previous chain of equalities.

In particular, in an additive category all finite products are isomorphic to the
corresponding finite coproducts. Saying that pMod is additive acknowledges the
existence of finite direct sums of left R-modules. Note that being an additive
category is a property that a Z-linear category may or may not have; instead,
being Z-linear is an additional structure put on a category.

Example 4.17. If C is additive, then so is C°?. Example [£.13] shows

121y fact, if a category is such that all finite products and coproducts exist and coincide, then
it automatically becomes enriched in abelian monoids; as a consequence, one can define additive
categories as those categories with the property that all finite products and coproducts exist and
coincide, and such that the automatic enrichment in abelian monoids is in fact an enrichment in
abelian groups.
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4.4. Additive functors.

Definition 4.18. A functor F': C — C’ between Z-linear categories is a Z-linear
functor/ functor enriched in Z-modules if for all z1, x5 € C the map of sets

Fy, o, Home (21, 22) — Home: (F(z1), F(x2))

is in fact a homomorphism of abelian groups. Especially when both C and C’ are
additive, one also says that F' is an additive functor.

In the case in which C and C’ are both additive, a Z-linear functor has an additional
property: it preserves finite products and coproducts.

Exercise 4.19. Let F': C — C’ be a Z-linear functor between additive categories.
Let (z;);c; be a finite collection of objects in C, let (g, (7;)icr) be a categorical
product of (z;);cr, and let (Z, (z;):er) be a categorical coproduct of (xi)igH
Then (F(g), (F(7;))icr) is a categorical product of the collection (F(z;)):cr, and
(F(2), (F(%;))ier) is a categorical coproduct of the collection (F(z;))ies.

For instance, let = be a zero object in C, i.e. an object which is both initial and
terminal. Let o’ = F(z) € C. Since Home(x, x) is the zero abelian group, we have
Id, = 0 € Hom¢(z, z). It follows that Id,» = F(Id,) = F(0) = 0 € Home: (2, 2'):
here we use that a functor sends identity morphisms to identity morphisms, and
an additive functor sends 0 morphisms to 0 morphisms. Conclude that z’ is a
zero object in C’: for all y € C', any morphism f: 2’ — y can be written as
fold, = f o0 =0; and any morphism f: y — 2’ similarly vanishes.

Recall Example If C and C’ are Z-linear categories, then C°P is also Z-linear,
so we can make sense of a Z-linear contravariant functor from C to C’, which is just
a Z-linear functor F': C°? — (C'.

Example 4.20. Let R be a commutative ring and consider the category rpMod of
R-modules. Consider the following three functors Fy, Fy, F3: gRMod — pMod:

e Ii(M)=Rand Fi(f: M - N)=(Idg: R — R);

e i(M)=M&Mand Fo(f: M > N)=(fdf: M®M — N& N), where

f S2) f maps (ml,mQ) to (f(ml)’f(mQ))v

. F3(M) =M ®r M and F3(f: M—)N) = (f@Rf: M®r M — N@RN).
Then F; is additive, as the map Homg(M, N) — Homgr(M @& M, N @ N) given by
f— f @ fis a homomorphism of abelian groups, for all M, N. Instead neither F}
nor Fj are additive, at least for R = Z: for example, setting M = N = Z, the map

Z = Homyz (M, N) — Homgz(Fy (M), F1(N)) 2 Z
induced by F} is the map Z — Z sending all integers to 1, which is not a homo-
morphism of abelian groups; similarly the map

Z = Homyz(M,N) — Homy (F3(M), F5(N)) 2 Z
induced by F, is the map Z — Z sending n — n?, at least after identifying M ®z,

M = N®zN = Z®yz7Z with Z in a canonical way. This map is not a homomorphism
of abelian groups.

Example 4.21. Let R be any ring and let N be a left R-module. Then we have

the following additive functors:

13Note that since C is additive, you can assume that § and z are the same object of C; after
all, they are isomorphic objects.
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e Homp(N,—): gpMod — zMod;
e Hompg(—, N): gpMod” — zMod;
o —Rpr N: MOdR — zMod.

Note that the first is a covariant functor out of gpMod, whereas the second is a
contravariant functor out of kMod, i.e. a functor out of pRMod°”. The third is a
covariant functor out of the category Modpg of right R-modules. Similarly, if N’ is
a right R-module, we obtain an additive functor

e Homp(N',—): Modgr — zMod;

e Hompg(—, N'): Modgr”” — zMod;

o N'®pr —: rMod — zMod.

Using bimodules one can change the target categories with more interesting cate-
gories of modules over some other ring S.

Check carefully that the functors from Example [£:2]] are additive. For example,
let us check that the first functor Hompg (N, —): gRMod — zMod is additive. Let
M, M’ be left R-modules. We then have a map of sets

a: Homp (M, M') — Homz(Homg (N, M), Homg(N, M")), f=(gr—gof).

If we evaluate a( f1 + f2), we obtain the map g — go (f1 + f2), which coincides with
the sum of the maps g — go f; and g — go fo. So « is in fact a homomorphism
of abelian groups, i.e. the first functor is additive.

4.5. Exact functors. In this section we focus for simplicity on left modules, and
consider functors F': gMod — sMod for two rings R and S; but similar considera-
tions could be done for right modules, or one can consider functors from a category
of left modules to a category of right modules. As we will see, what we really need
are categories where there is a well-behaved notion of “kernel” of morphisms. We
will expand in this abstract direction in a future lecture.

Consider an exact sequence of left R-modules

) gi+2 Mi+1 gi+1 Mz gi Mifl gi—1 o
and let F': gRMod — gMod be an additive functor. Then applying F' to the sequence
above we obtain a sequence

o F(git+2) F(gi+1) F(gi)

F(Mpy) 29 poagy 29 pog_ ) 59y

Recall that the condition Im(g;+1) C ker(g;) can be expressed by the equality
gi+1°9; = 0. Applying F, which is additive, we obtain F(g;+1)o F(g;) = F(0) =0,
which can be reformulated as Im(F'(g;41)) C ker(F(g;)), i.e. the second sequence
is a chain complex. Can we also use that F' is additive to prove that the second
sequence is in fact an exact sequence? In other words, can we use that F' is additive
to prove the other containment Im(F(g;+1)) 2 ker(F(g;))? Unfortunately, no. The
fact that an additive functor in general only transforms exact sequences into chain
complexes is one of the reason for the existence of homological algebra.

Example 4.22. Consider the short exact sequence of abelian groups

[—]2

0 Z 247 7)2 0
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If we apply the functor — ®y Z/2, we obtain a short exact sequence of the form
0 — ZRzZ/2 — ZRzZ/2 —— Z/2R7Z/2 — 0.
Using the table from Subsection [3.4] we can replace the above with

0 7)2 7.)2 7)2 0.

It doesn’t take long to prove that the left map Z/2 — Z/2 is the zero map, whereas
the right map Z/2 — Z/2 is an isomorphism. However, it should be clear that the
last short sequence cannot be exact: otherwise there would be a surjection of Z/2
onto Z/2 with kernel isomorphic to Z/2, and this is impossible by simply counting
cardinalities.

This shows that an additive functor can indeed break the exactness, returning only
a chain complex.

Example 4.23. The SES in the previous example is not split, and this is not a
case. Indeed, if F': gRMod — gMod is an additive functor, and if

0 M —— M s M 0
is a split short exact sequence of left R-modules, then one can use any R-linear
section s: M"” — M to exhibit M as the direct sum M’ @ M", using that the map
i®s: M'® M’ — M given by (m/,m”) — i(m') 4+ s(m”) is an isomorphism. Since
F is additive, we have a natural isomorphism F(M’' & M") = F(M') @ F(M");
moreover F'(i @ s) is an isomorphism between F (M’ ® M") and F(M). It follows
that

F(p)

0 —— F(M') L9 p(an) F(M") —— 0

is a split exact sequence, with an example of section of F(p) given by F(s).
Motivated by the previous, we give a definition.

Definition 4.24. An additive functor F': gMod — gMod is ezxact if it sends exact
sequences to exact sequences.

For instance, the functor F» from Example [£:20]is exact: check that if

gi+2 gi+1 i gi—1
S M S M s M S

is exact, then also the following sequence is exact

.. :(hi%)+2]wi+1 S Mi+1giL%>+lMi & M; % M;,_1 & Mz_flqiﬁ_th;1 -
Another example of exact functor is, for a map of rings f: R — S, the restriction
of scalars functor f*: sMod — gMod, as in fact we already checked last time.

We will prove next week the following proposition (but you can try to prove it as
an exercise).

Proposition 4.25. Let F': gpMod — sMod be an additive functor that sends short
exact sequences to short exact sequences. Then F is an exact functor.

In fact, all examples of additive functors from Example are not exact functors
for a generic ring R (if R is a field, all these functors are exact and life is wonderful).
However, these functors fail very little from being exact, especially when evaluated
at exact sequences of the form 0 - M — M — M" or M’ — M — M" — 0:
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(1) if F is one of the following covariant functors
e Hompg(N,—): gRMod — zMod;
e Homg(N',—): Modgr — zMod;
then an exact sequence in the source category of the form 0 — M’ — M —
M’ is sent to the sequence 0 = F(0) —» F(M') —» F(M) — F(M") which
turns out to be exact at F/(M') and at F(M);
(2) if F is one of the following contravariant functors
e Hompg(—, N): pMod” — zMod;
e Homp(—, N'): Modr?” — zMod;
then an exact sequence in the source category of the form M’ — M —
M" — 0 is sent to the sequence 0 = F(0) - F(M") — F(M) — F(M')
which turns out to be exact at F(M") and at F(M);
(3) if F is one of the following covariant functors
o N'®pr —: rpMod — zMod.
e —®r N: Modr — zMod.
then an exact sequence in the source category of the form M’ — M —
M" — 0 is sent to the sequence F(M') - F(M) - F(M") — F(0) =0
which turns out to be exact at F(M) and at F(M").

Exercise 4.26. Prove the previous statements. For example, let us prove that

— ®pr N: Modgr — zMod sends an exact sequence of right R-modules of the form

’

M~ M — M" 0

to an exact sequence of abelian groups

M @p NO2 YN 0 r o0 N9ERYY g N 0,
First, we have to check that g ® g Idy is surjective. This follows from recalling that
M" @g N is generated as abelian group by the simple tensors m” ® n; using that g
is surjective (and using also Idy : N — N is surjective!), each simple tensor m” @n
can be written as the image along g ®r Idx of a simple tensor in M ®r N. Thus
the image of g @ g Idy contains generators of M” @ N as abelian groups, hence
g ®g Idy is surjective.
Next, we can leverage on the fact that — ® g N: Modr — zMod is an additive
functor and get the containment Im(¢g’ ® Idy) C ker(g ®p Idy).
Finally, we have to prove the inclusion Im(¢’ ®g Idy) D ker(g ®g Idy). At this
point it helps to remember Definition [2:16] The tensor product M ®r N can be
constructed as a quotient of the free abelian group Ay n = @(m,n) evxn L, with
basis the set M x N, by a certain subgroup Bjs,n. Similarly, M"” @z N can be
constructed as a quotient of the free abelian group Ay~ n by a subgroup By n.
The following composition of maps of abelian groups is surjective, as both of them
are surjective (for the first, use that g is surjective)

gxId Pnyrr N
AJVI,N 7N AM”,N — M" KRR N,

where g xIdy: Ap,n — Anr N is defined on basis elements by (m,n) — (g(m),n),
and pyr Nt Ay N — Ay n/Bar v . It follows that the kernel of the composite
¥ = pyron o (9 x Idy) can be generated as a sub-abelian group of Ay n by the
union SUS’, where S and S’ are well-chosen subsets of Ay n:
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e we choose a set & C Apn generating the kernel of g x Idy: Aynv —
Anr NG

e we choose a set 8’ C Ay n such that the image (g x Idn)(S") C Apr N
generates the kernel of ppr v, that is, By n.

We set S to be the set of all differences (m+¢'(m’),n) — (m,n) for varying m € M,
m’ € M’ and n € N: here we use that two elements of M sent along g to the same
element of M" have the form m and m + ¢'(m’) for some m € M and m' € M’,
because Im(g’) = ker(g).

We set S’ to be a set of generators of Bys,n; check that indeed By n surjects onto
B, using that g: M — M" is surjective, and the description of generators of
both abelian groups from Definition [2.16

Now take an element z € M ®p N with z € ker(g ® Idy ), and lift = to an element
y € Ay,v along payr,n: Av,y — M®gN, i.e. choose y such that pa, v (y) = z. The
hypothesis on x ensures that ¥ (y) = 0. It follows that y can be generated Z-linearly
using the elements of S and of §’. It follows that x can be generated Z-linearly using
the elements of pas v (S) and of par,n(S’). Now note that pas v (S’) = {0}, whereas
Py, (S) is the set of elements of M ®g N of the form (m + ¢'(m’)) @ n —m @ n,
for varying m € M, m’ € M’ and n € N; the previous element can be written as
g'(m)®nin M ®r N, ie. it is a simple tensor in the image of ¢’ ® Idy. As a
result, z is generated by simple tensors in the image of ¢’ ® g Idy, which suffices to
ensure = € Im(¢’ ® Idy). The conclusion is that ker(g ® Idy) C Im(¢’ @ Idy).

Motivated by the previous discussion, we give a definition.

Definition 4.27. Let C and C’ be categories of left or of right modules over a ring,
and let F': C — C’ be a covariant or a contravariant functor. We say that F is right
ezact if either of the following holds:

e [ is covariant and sends exact sequences of the form M’ — M — M"” — 0
to exact sequences of the form F(M') — F(M) — F(M") — 0;

e F'is contravariant and sends exact sequences of the form 0 — M’ — M —
M" to exact sequences of the form F(M") — F(M) — F(M') — 0.

We say that F' is left exact if either of the following holds:

e F'is covariant and sends exact sequences of the form 0 — M’ — M — M"
to exact sequences of the form 0 — F(M') - F(M) — F(M");

e F' is contravariant and sends exact sequences of the form M’ — M —
M" — 0 to exact sequences of the form 0 — F(M") — F(M) — F(M’).

The convention in the terminology is that a right exact functor produces exact
sequences in which “0” is on right; and similarly for a left exact functor.

Example 4.28. An additive functor may be neither left nor right exact. For
example, let R be commutative, let N be an R-module, and take the covariant
functor F': gpMod — gMod given by F(M) = M @ N & Homg (N, M). Then F
is additive (in general, a direct sum of additive functors is additive), but it is in
general neither left exact nor right exact.

Thinking again of the functors from Example it would be nice to identify
those left R-modules N for which any of the functors Hompg(N, —), Hompg(—, N)
and — ®p N is an exact functor.
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Definition 4.29. A left R-module N is projective if the following functor is exact
Hompg(N, —): gRMod — zMod.
A left R-module N is injective if the following functor is exact
Hompg(—, N): gMod®? — zMod.
A left R-module N is flat if the following functor is exact
— ®r N: Modg — zMod.

Similarly, one defines projective, injective and flat right R-modules.

Example 4.30. Consider R as an R—R-bimodule. We can consider Hompg (R, —) as
a functor pkMod — rMod, and this functor is naturally isomorphic to the identity
functor of the category rMod, which is an exact functor. The forgetful functor
rMod — zMod, sending a module to its underlying abelian group, can be seen as
a particular case of restriction of scalars, corresponding to the unique map of rings
7Z — R; in particular, this forgetful functor is also exact. The composition is the
functor Hompg (R, —): gMod — zMod, which then is also exact: this is the functor
that one immediately obtains by considering R only as a left R-module. It follows
that R is a projective left R-module.

Consider now again R as an R — R-bimodule. Use that — ® R can be considered
as a functor Modg — Modg, and as such it is naturally isomorphic to the identity
functor of Modg. composing with a forgetful functor as above, we conclude that R
is a flat left R-module.

We will see more examples next time.

5. PROJECTIVE, INJECTIVE, FLAT MODULES

Also in this lecture, we focus on categories of left modules, but all results can be
adapted to right modules as well.

5.1. Proof of Proposition Let F': RMod — gMod be a (covariant) additive
functor sending short exact sequences to short exact sequences: that is, for every
short exact sequence of left R-modules

0 M — M 2 M 0
also the following is a short exact sequence, of left S-modules

F(p)

7(3)

0 —— F(M') F(M) F(M")y — 0.

Consider now a generic exact sequence of left R-modules
9j+2 gj+1 9;j gj—1
%MJJrl%MJ;}MJ*l%

We can write kernel and image of every map, and expand the diagram as follows

. = ker(gj+1) Im(g;) == ker(g;-1)
Lj+1 Dj J{ij—l

iz My gj+1 M, gj My, 9izt .,
J/pj+l iJT J/pjfl

Im(g;j41) == ker(g;) Im(g;j—1) =— ...
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Note that every column is a short exact sequence of left R-modules: the map i;
is the inclusion of ker(g;) into Mj;, and the map p; is the same as the map g;,
but considering Im(g;) € M;_; as target. Equalities are meant as equalities of
submodules, and are guaranteed by the exactness. Every square is commutative.
Now we apply F' and obtain a diagram of left S-modules

- = F(ker(gj41)) F(Im(g;)) === F(ker(g;-1))

[P P [P

F(Mj+1) F(gj+1) F(Mj) F(g5) F(Mj_l), F(gj-1)

lF(ij) F(@)T lF(p,_l)

F(Im(gj1)) === F(ker(g;)) F(Im(gj—1)) == ...

The hypothesis on F' ensures that every column of the last diagram is a short exact
sequence. Since F' is a functor, we also obtain that equalities of objects keep being
equalities of objects, and commutative squares are sent to commutative squares.
The map F(g;): F(M;) — F(M;_,) is written as a composition F(p;) o F'(ij_1) of
a (surjective) map F(p;) and an injective map F'(i;). It follows that ker(F'(g,)) =
ker(F(p;)) € M;. By exactness of the middle column, we also have ker(F(p;)) =
Im(F(i;) € M,. Finally, we also have a factorisation of F(g;y1): F(M;11) —
F(M;) as a composition of a surjective map F'(pj;1) and an (injective) map F'(i;).
It follows that Im(F(i;)) = Im(F(g;4+1)) € M;. Putting together all equalities of
submodules of M, we obtain that the sequence is exact at Mj.

. F(gj+2)

5.2. Projective modules. A left R-module N is projective if the additive and
left exact functor Hompg (N, —): pMod — zMod is in fact an exact functor (i.e. it
is also right exact).

Example 5.1. Let N = ,.; R be a free left R-module. We want to check that

N is projective, i.e. the functor Hompg(N, —) is exact. Let M’ M B M be a
SES of left R-modules. Then the sequence

Homp(N,7) Hompg(N,p)
_—

0 — Homp (N, M") Homp(N, M) Homp(N,M") — 0
is exact at Hompg (N, M’) and at Homg(N, M), and we want to prove that it is
also exact at Hompg(N, M"), i.e. the map Hompg(N,p) is surjective. This means
that for any R-linear map (f: N — M"”) € Hompg(N, M") we want to prove the
existence of an R-linear map (g: N — M) € Hompg(N, M) such that f = g o p.
Recall that p is surjective: we can therefore choose elements m; € M, for all i € I,
such that p(m;) = f(1;(1)) € M"”. The universal property of direct sum allows us
to define an R-linear map g: N — M by declaring g(¢;(1)) = m;. And now: is it
true that this g does the job? Is it true that f = gop? Let N’ C N be the subset of
all n € N for which (n)f = (n)g o p; then N’ is a sub-R-module of N and contains
the basis of elements ¢;(1), so we must have N’ = N.

For example, if R is a field F, then every F-vector space N is free (admits a basis),
and hence it is projective. This also follows from the fact that every SES is split
over a field, hence the additive functor Homp (N, —) sends SES (i.e. split SES) to
SES (i.e split SES).
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Example 5.2. Let R be aring, F' = @,.; R be a free left R-module, and suppose
that N7 and Ny are submodules of F' such that the inclusions ¢;: Ny — F and
ta: Ny — F exhibit F' as isomorphic to the direct sum Ny ® N5. This can happen,
for instance, if we split [ = I; U Iy and set Ny = EBZ.Gh R and N, = 691'612 Noy; but
we will see soon that more weird examples exist. We want to show that Ny (and
similarly Ns) is projective.

Let M’ % M 5 M” be a SES of left R-modules. As in Example it suffices to
check that the sequence

HOmR(Nl,’i) HomR(Nl ’p)
— s —

0 - HOIIlR(Nl,M/) HomR(Nl,M) HomR(Nl,M”) -0

is exact at Hompg(Ny, M"), i.e. that the map Hompg(Ny,p) is surjective. Let then
(f: Ny > M"”) € Hompg(Ny, M") be an R-linear map. We can use the universal
property of F as direct sum N1 @ N> to extend f to an R-linear map f': F — M":
we define f’ by declaring its restriction on N; to be f, and its restriction on Nj
to be the zero map (or any other R-linear map Ny — M" of your choice). Now
we use the argument from Example to define a map g: FF — M such that
f'=gop: F — M". Finally, we restrict to N; and obtain

f=uof =uo(gop)=(uog)op=Homp(Ni,p)(u og) € Homp(Ny, M").
This shows that Hompg(Ny, p) is surjective.

Both in Example and We have used left exactness of Hompg (N, —) to quickly
reduce to a question about surjectivity of a map. Generalising this idea, we get the
following characterisation of a projective left R-module.

Lemma 5.3. Let N be a left R-module. Then N is projective if and only if for
every surjective map of left R-modules p: M — M" and for every R-linear map
f: N — M" there exists an R-linear map g: N — M such that f = g o p.

Proof. If N is projective, then given p: M — M" we can construct a SES ker(p) —
M 2 M”. Applying the exact functor Hompg(N, —), we in particular obtain that
the map Hompg(N,p) = — o p: Homg(N, M) — Hompg(N, M") is surjective, and
this is exactly the condition that for every f there is g with the required property.

K2

Viceversa, if N satisfies the property involving f and g, then given a SES M’ —
M B M” of left R-modules, we have in particular that p is surjective; therefore the
induced map Hompg(N,p): Homg(N, M) — Hompg(N, M") is surjective. We then
have that the sequence

Hom r (N,i) Hom (N,p)
—

0 — Hompg (N, M") Hompg(N, M) Homp(N,M") — 0

is exact: it is exact at Hompg (N, M") as we just saw, and it is exact at Hompg (N, M)
and Hompg (N, M) because Hompg(N, —) is a left exact functor. O

Example 5.4. Let R =Z and let N = Z/2. Then the map Z [12 72 is surjective;
however the induced map Homy(Z/2,Z) — Homy(Z/2,7/2) is not surjective, since
it has the 0 abelian group as source and an abelian group isomorphic to Z/2 as

target. Therefore Z/2 is not projective, as it does not satisfy the characterisation
from Lemma 5.3

The previous example is of course in contrast with what happens over a field: every
module is free, and hence projective.
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Example 5.5. Let R = Z/6, and consider Z/2 as an R-module: you can think of
Z/2 as being R/([2]g), i.e. the quotient of the ring by an ideal. Similarly, consider
Z/3 as an R-module. The chinese reminder theorem implies that the map

7)6 —1Z]2x17Z/3, [n]e — ([n]2, [n]3)

is bijective. Note that this map is also R-linear, and note that Z/2 x Z/3 is equal
to the direct sum Z/2 @ Z/3. It follows that both Z/2 and Z/3 are projective
R-modules.

The previous example shows that it is possible to have projective modules that
are not free: indeed the cardinality of a free Z/6-module is either a power of 6 or
infinite.

Example 5.6. Let F be a field and consider F[z]/(x) as a module over the following
rings:
o F[z]/(x) is free over F, hence it is projective;
e [F[x]/(z) is not free over F[z]: for instance, because scalar multiplication by
x is injective on any free F[z]-module; try to prove that F[z]/(z) is not free
over F[z], or see in the following either Proposition [5.8| or Theorem
e F[z]/(x) is projective but not free over F[x](z? — x): use that a non-zero,
free F[z](z? — z)-module admits elements that are not sent to 0 by the
scalar multiplication by [z],2_,, and use the chinese reminder theorem to
show that Flx](z? — z) = F[z]/(x) ® F[z]/(x — 1) as F[z](2® — x)-modules.

Here is a non-commutative example.

Example 5.7. Let R = Matyx(F) be the ring of k x k matrices with coefficients
in a field F, and let M = IFk, considered as a left R-module. For each 1 <17 < k
we can define R; C R to be the sub-F-vector space of those matrices whose entries
outside the i*® column vanish (whereas we allow any entries in F on the i*® column).
Then the inclusions ¢;: R; — R exhibit R as the direct sum of F-vector spaces
R1®---®Ry. Infact every R; is a left R-submodule of R, so there is an isomorphism
of left R-modules

R=R @ @ Ry;

moreover each R; is isomorphic to M as a left R-module. It follows that M is a
projective left R-module.

All examples of projective R-modules M seen so far follow the pattern of Example
is this a chance? No!

Proposition 5.8. Let N be a left R-module. Then N is projective if and only if
N is isomorphic to a direct summand of a free left R-module.

Proof. Example [5.2] shows that a direct summand of a free module is projective.
Viceversa, let N be projective, and choose any R-linear surjective map p: F — N
from a (sufficiently big) free left R-module. Lemma can be applied to f =
Idy: N — N: since p is surjective, there exists g: N — F such that f = gop. The
SES ker(p) — F 2 N is thus split, because g is an example of a section of p. It
follows from Proposition that F is isomorphic to the direct sum ker(p) ® N,
and thus both ker(p) and N are direct summands of a free module. ]
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It is already the second time that we use an argument involving, for a given R-
module M, the existence of a surjective R-linear map F' — M from a free module
F. In fact, this property of the category of left R-modules will be used very often:
more precisely, in many situations we will have an R-module M and we will have
to invoke the existence of a projective module N with a surjective R-linear map
N — M. The fact that N can be taken to be even free will be often irrelevant.

Notation 5.9. We will say that each of the categories pkMod and Modg “has
enough projectives” to mean that every module M in either of the categories receives
a surjective R-linear map from some projective R-module.

Finally, we mention the following theorem about modules over a PID, leaving the
proof as an exercise (or see [Rot, Corollary 4.15]).

Theorem 5.10. If R is a PID, then every submodule of a free R-module is again
a free R-module.

In particular, putting together Proposition [5.8] and theorem [5.10, we obtain that
all projective R-modules over a PID R are in fact free modules.

Example 5.11. Q is not a projective Z-module, as it is not a free Z-module. To
see the latter, you can prove either of the following properties of Q, whose analogue
does not hold for a non-zero free Z-module:

e Q®zZ/k =0 for k > 1 (use identification with Q/kQ);
e Homz(Q,Z) = 0.

The last, general fact about projective modules is the following exercise.

Exercise 5.12. Let R be a ring and let (M;);cr be a collection of projective left

R-modules. Then P, ; M; is also a projective R-module.

5.3. Injective modules. A left R-module N is injective if the additive and left
exact functor Hompg(—, N): gpMod®” — zMod is in fact an exact functor (i.e. it
is also right exact). By Proposition and since we know that Homp(—, N)
is left exact, we have the following characterisation of injective modules, which is
completely analogue to the one for projective modules from Lemma[5.3} and whose
proof is left as exercise.

Lemma 5.13. Let N be a left R-module. Then N is injective if and only if for
every injective map of left R-modules i: M’ — M and for every R-linear map
f: M’ — N there exists an R-linear map g: M — N such that f =io0g.

Thinking of ¢ as an inclusion, the characterisation says the following: any R-linear
map f defined on a sub-module M’ C M and with values in an injective module
N can be extended to an R-linear map g defined on the entire M.

The following proposition, known as Baer’s criterion to recognise injective mod-
ules

Proposition 5.14 (Baer’s criterion). Let R be a ring and let N be a left R-module.
Then N is injective if and only if the following holds: for every left ideal I C R
and for every R-linear map of left R-modules f: I — N, there exists an R-linear
map of left R-modules g: R — N extending f.

Lyye state and prove the proposition for left R-modules, but the same statement and the same
proof work also for right R-modules: just consider right ideals.
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Proof. If N is injective, then the mentioned property must hold, as it is a very
special case of the characterising property for injective R-modules from Lemma
Viceversa, let N have the mentioned extension property with respect to all left
ideals of R, and consider a generic injective R-linear map i: M’ — M and a generic
R-linear map f: M’ — N. Without loss of generality, assume that M’ C M is a
submodule and that ¢ is the inclusion.

The first part of the proof is set-theoretical, and relies on the Zorn’s lemma;: its
effect is to enlarge M’ as much as possible among submodules of M on which
f can be extended. This part of the proof does not use any of the hypotheses
on N. Let % be the set of all couples (P,h) such that P C M is a left R-
submodule containing M’, and h: P — N is an R-linear map extending f on M’.
For example, (M’, f) € %, which is thus non-empty. We define a partial order on
Z as follows: we set (P1,h1) = (P2, he) if P, C Py and ho: P, — N is an extension
of hy: P, — N. For example, (M’, f) is the minimum of <. We are however
interested in “large” extensions of f, so we look for <-big elements in .%, possibly
maximal ones. Now, if & C .Z is a <-chain, then the union P = U(P,h)e%’ P, which
a priori is only a subset of M, is a sub-R-module of M, and there is a unique
function of sets h: P — N that, for each (P,h) € ¥, restricts to h: P — N on P:
check that A: P — N is in fact an R-linear map. It follows that (157 iL) is a <-upper
bound for the chain ¢; in particular, every =<-chain in .% admits an upper bound.
Zorn’s lemma guarantees then that there exist at least one element (P,h) which
is maximal with respect to <. Concretely, this means that for every submodule
P C P C M with P # P, there exists no R-linear extension h: P — N of h. If this
happens because P = M, then we are done, as h: M — N is an extension of f as
required.

We suppose now by contradition that P # M, fix m € M \ P and declare
P = Spang (P U {m}). Using the hypotheses on N, we will construct an R-linear
extension h: P — N of h, contradicting maximality of (P, h) in .Z.

Define an R-linear map m: P @ R — P by setting n|p = i and 7(r) = r - m for
r € R. The map = is surjective, since it hits generators of P; its kernel consists of
those couples (p, r) such that p+r-m = 0 € M. We thus have P = (P® R)/ ker(r),
and thus in order to define an R-linear map h: P — N it suffices to define an R-
linear map h: P ® R — N with the property that i~1|ker(ﬂ) = 0; moreover we want
iz\p =h: P — N, so that the induced map h: P — N is an extension of .

Thus we are only left with choosing iz\ r- Let I C R be the left ideal of elements
r € R such that 7 - m € P; then every element (—r -m,r), for r € I, should belong
to ker(h); it follows that h|p must send r — h(—r-m) whenever r € I. Otherwise,
there are no other constraints in choosing h|z: R — N.

Now we finally use the hypotheses on N: the map f: I — N given by f(r) =
h(—r-m) can be extended R-linearly to a map g: R — N, and we set ﬁ|R =g. U

Baer’s criterion is unfortunately difficult to apply in general, but at least there are
two easy applications.

Example 5.15. Let F be a field. Then there are two ideals in F, namely 0 and
F itself. Every F-linear map defined on 0 is the zero map, which can be extended
(e.g. by the zero map!) on F; every map defined on F is already defined on the
entire IF. Conclusion: every F-vector space is injective.
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Example 5.16. Let R be a PID. Then Baer criterion for injectivity of an R-module
becomes the following: and R-module N is injective if and only if for all a # 0 in
R and for all n € N there exists an element n’ € N such that a -n’ = n. Such an
R-module is also called a divisible R-module.

For example, Q is a divisible Z-module, and every quotient of Q is also divisible
and hence Z-injective, as Z is a PID. The most famous quotient of Q as a Z-module
is probably Q/Z, which has the remarkable property of being a divisible Z-module
in which every element is a torsion element (see later Definition [5.22]).

The last, general fact about injective modules is the following exercise, which par-
allels Exercise .12

Exercise 5.17. Let R be a ring and let (M;);cr be a collection of injective left
R-modules. Then [];.; M; is also an injective R-module.
Finally, we introduce a terminology which is parallel with that of Notation [5.9

Notation 5.18. We will say that each of the categories pMod and Modg “has
enough injectives” to mean that every module M in either of the categories is the
source of an injective R-linear map to some injective R-module.

We will prove in the next lecture that the previous terminology is not void!

5.4. Flat modules. A left R-module N is flat if the additive and right exact
functor — ®g N: Modrg — zMod is in fact an exact functor (i.e. it is also left
exact). Note that to define “flat” we must use simultaneously both notions of left
and right R-modules. By Proposition [£:25] and since we know that —®pg N is right
exact, we have the following characterisation of flat modules, which is completely
analogue to the one for projective modules from Lemma [5.3] and whose proof is
left as exercise.

Lemma 5.19. A left R-module N is flat if and only if the following holds: whenever
i: M — M is an injective R-linear map between right R-modules, then the map
1Qrld,: M'®r N — M ®r N is also injective.

Example 5.20. Let F = @, ; R be a free left R-module; then F is flat. To see
this, let f: M’ — M be an injective map of right R-modules. Consider F' as an
R — R-bimodule, leveraging on the fact that each copy of R is an R — R-bimodule.
Then there is a diagram of right R-modules

Dicr f
D M — Dicr M

! -

Mo F 2229 vren B

The map @, f is defined by sending ¢;(m) +— ¢;(f(m)) for all i € I and m € M;
check that it is an injective map. The vertical isomorphisms follow from Proposition
Hence also f ®g Idp is injective.

Now let N be a projective left R-module, and let N’ be a projective left R-module
such that F'= N @ N’ is a free module. We claim that N is flat (and similarly N’
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is flat). Let f: M’ — M as above; then we have a commutative diagram

M @p N L2820, v op N
lIdM/®R LN lldjw(@R LN
, f®rldr
M @prF ——— M ®pgF.
The vertical maps are injective by Proposition and the bottom horizontal map
is injective as argued above; it follows that also the top horizontal map is injective.

Using the previous example, we can give the following terminology, which is however
non-standard, and in fact is not going to be a very useful one.

Notation 5.21. We will say that each of the categories pMod and Modg “has
enough flat modules” to mean that every module M in either of the categories
receives a surjective R-linear map from some flat R-module.

Definition 5.22. Let R be a (commutative) domain and let M be an R-module.
An element m € M is a torsion element if there is a € Z such that a-m =0¢& M.
We denote by tors(M) C M the subset of torsion elements

For example, 0 is always a torsion element. Check that tors(M) is a sub-R-module
of M (here the hypothesis that R is a domain is essential).

Example 5.23. Let R be a domain and let M be an R-module. Assume that
tors(M) # 0. Then M is not flat. Indeed, let m # 0 € tors(M), and let a #0 € R
such that a-m = 0. Let (a) C R be the principal ideal generated by a. Then the map

R ™5 R is an injective map of R-modules, yet the map (a-—)®rIdy: ROr M —
R ®pr M can be identified with the map a - —: M — M, which is not injective.

Example 5.24. Let R = F[z,y| for some field F, and consider M = (z,y) C R.
Note that M is torsion-free, as R is a domain. Yet, we claim that M is not flat. To
see this, consider the inclusion i: (x,y) — R; tensoring over R with M we obtain
the map i g Idpy: M Qg M — M ®gr R. The element t @y —y®x € M @ M is
sent to 0 in M ®p R, as in this second tensor product we can compute

TRYy—yYRr=zQy-1-y@r-l=2y®1-yr®1=0.

However this computation does not make sense in M ® g M, since 1 is not an element

of M. In fact we can prove that rt @y —y®x #0€ M ®@r M.

To see this, consider the quotient R-modules M; = (z,y)/(y, 2?) and My = (x,y)/(z, y?).
The surjective R-linear maps p1: M — My and po: M — M, give rise to a surjec-

tive map of R-modules

P1 ®rp2: M Qr M — My ®p Ms.

The element x @ y —y @ x € M ®p M is sent to the element [z] ® [y], as the other
summand —[y]® [z] vanishes in M} ® g M. We claim that [z]®[y] # 0 € My ®g Mo.
Note that both M; and Mj are isomorphic to R/(x, y); more precisely, there is an R-
linear isomorphism R/(z,y) — M; sending [1] — [z] and an R-linear isomorphism
R/(x,y) — M, sending [1] — [y]. There is therefore an R-linear isomorphism
M, ®g Ms — R/(z,y) ®g R/(z,y) under which the element [z] ® [y] corresponds
to [1] ® [1]; and now remember that R/(z,y) ®r R/(z,y) = R/(z,y), with an
isomorphism sending [1] ® [1] to [1] # [0] € R/(z,y).
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The fact that in the previous example R was not a PID was crucial, as we see in
the following.

Proposition 5.25. Let R be a ring and let N be a left R-module with the following
property: every finitely generated sub-R-module N' C N is flat. Then N 1is flat.

Proof. Leti: M’ — M be an injective homomorphism of right R-modules. Suppose
by absurd that i@ gpldy: M'®@rN — M®pgN is not an injective Z-linear map. Then
there is an element x = Zk ymj®@n; #0€ M ®gr N such that (i @g Idn)(2) =
S _i(m )®n]—0€M®RN

Recall that M ®r N = Ay .N/Bu,n, where Ay y = @(mn cvxn Z and By n is
the sub-abelian group generated by the elements from Definition [2:16] We get that
Yy = Zle(z(mj),nj) € By,n C AN, and thus we can express y as a Z-linear
combination of generators of B:

= Zaj : [(m;l + mjl',27n;) - (m},lvngl') - (m;,%n})]
b
#30 da+ da) () — ()]

+Z'YJ Ty 5’)—(m3,7‘n§’)]

Here each letter m, n and n represents an element in M, N or R; the exponents

12 3 are just to distinguish three different families of elements, of sizes a, b, c > 0;

and «;, §; and ; are coefficients in Z. Let now

N’ = Spanp ({nj}le U {njl };:1 U {n?,l’"?,2}§=1 U {n?}sz C N.

Then N’ is a finitely generated R-submodule of N, and denote by ¢: N’ — N the
inclusion. We can consider the element 2’ = Zle m;®n; € M'@gN', given by the
same formula used for x; since the map of abelian groups Id ;s ® gt sends z’ to x # 0,
we have ' # 0 € M'®@rN’. Consider now the map i®grldy/: M'QrN' — MQgrN';
then (i®g)(z') = Zle i(m/;) ® n; vanishes in M ®g N', as witnessed by the fact
that ¢y = Zle(i(mj), n;) € Ay nv can be written as

y' =Yy [(m)y +mjgn}) = (m]y,n)) = (m],,n)]
+ Z/Bj : [(m?7n?,1 + n?z) (m2 n31) (777377732)]

+Z% “rjn5) — (mj,reng)] .
and is thus an element in By, N+ C Apr,ns. This shows that the finitely generated
sub-R-module N’ of N is not flat, which contraditcts the hypothesis on N. O

The idea in the previous proof is more or less the following: to show that a map is
not injective, one only needs to describe an element that vanishes, and this requires
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finitely many generators in the source. To witness the vanishing of the image of
the chosen element, one needs finitely many of the relations holding in the target.
In few words, one needs a finite amount of information to witness that an R-linear
map is not injective.

We apply the previous proposition to the case of a PID.

Corollary 5.26. Let R be a PID and let N be an R-module with tors(N) =0 (we
say, N is torsion-free). Then N is flat.

Proof. Let’s check that every finitely generated sub-R-module N’ of N is flat.
Surely, N’ is torsion-free; a finitely generated module over a PID is a direct sum of
cyclic modules, and since N’ torsion-free, then all cyclic summands of N’ must be
of the form R. This means that N’ is a finitely generated free R-module, and in
particular it is flat. O

Example 5.27. Q is flat over Z.

6. ENOUGH INJECTIVES

6.1. The category rMod has enough injectives. We already saw that pMod
has enough projectives: every left R-module receives a surjective R-linear map
from a projective (in fact, from a free) R-module. We want now to prove a “dual”
statement. We begin with the simplest ring R, namely Z.

Lemma 6.1. Every Z-module M injects into some injective Z-module N .

Proof. Recall that a Z-module is injective if and only if it is divisible, as Z is a PID.
In particular Q/Z is an injective Z-module. For every element m # 0 € M we can
construct a Z-linear map f,,,: M — Q/Z as follows:

e first, we choose a non-zero Z-linear map f},: Spany(m) — Q/Z: this is
possible, since Spany(m) is either isomorphic to Z (in which case we map m
to any non-zero element of Q/Z, and extend Z-linearly), or it is isomorphic
to Z/k for some k > 1 (in which case we map m to any non-zero element
of order k in Q/Z, and extend Z—linearly)ﬁ

e second, we use that Q/Z is injective to extend f;, to a Z-linear map
fm: M — Q/Z.

The map f,, is guaranteed to map m € M to something non-zero in Q/Z, but it
could be non-injective. However, if we consider all maps f,, at the same time, we
obtain an injective Z-linear map into the product (using the universal property of
the product, btw)

f= II fmM— [ @z
meM\{0} meM\{0}
And now we remember from Exercise that a product of injective modules is
injective. [l

That was great, but after all Z is a very special ring, namely a PID. Over a generic
non-commutative ring what can we do? Actually, are we even sure that over a
generic, possibly non-commutative ring R there exist injective left R-modules at
all, apart from the zero module?

L5wWe use Q/Z rather than a conceptually simpler injective Z-module as, for example, Q,
precisely because Q/Z has torsion elements of all orders.
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Lemma 6.2. Let R be a ring, and consider R as a Z — R-bimodule. If A is an
injective (left) Z-module, then Homgz (R, A) is an injective left R-module.

Proof. Let i: M’ — M be an injective map of left R-modules. We want to prove
that the induced map of abelian groups

Hompg (i, Homz (R, A)) = io—: Homp (M, Homz(R, A)) — Homp(M’, Homgz(R, A))

is surjective. We can now use the Hom-tensor adjunction, and replace the above
map by another, equivalent map of abelian groups

HOmz(R XRnr Z,A) = (IdR XRRr Z) o —: HomZ(R Xnr M,A) — HomZ(R XRr M’,A)

And now we can compute easily tensor products over R with R, and simplify the
above further as follows, where ¢ is now treated only as a Z-linear map

Homy (i, A) =i o —: Homg (M, A) — Homyz(M', A).

A magic has occurred: the ring R has disappeared from the formula! Now we just
use that A is an injective Z-module, and that i: M’ — M is an injective Z-linear
map. ([l

Using Lemma [6.2] we can now repeat the strategy of Lemma Given a left R-
module M, for each m € M we first define a Z-linear map f,,: M — Q/Z with the
property that f,,,(m) # 0; we then first interpret f,, as a Z-linear map

fm: Rr M — Q/Z
and then use the Hom-tensor adjunction to transform f,, into an R-linear map
gm: M — Homgz(R,Q/bZ).

The property that f,,(m) # 0 is transformed into the property that g,,(m) sends
1 € R to a non-zero element in Q/Z; in particular g,,(m) # 0 € Homgz(R,Q/Z).
And now we take the big product:

II on:M— ] Homy(R Q/Z)

meM\{0} meM\{0}

is an injective, R-linear map with target an injective left R-module.

7. LOCALISATIONS AND ABELIAN CATEGORIES

7.1. Localisation of (commutative) rings. In this subsection we let R be a
commutative ring. The zero ring R = {0} is allowed: it is the unique ring in which
0 = 1, and it is commutative; all arguments will not need the hypothesis 0 # 1,
and it will actually happen to encounter the zero ring often, when dealing with
localisations.

The basic idea behind the notion of localisation is that given a ring R and a set
S C R of admissible “denominators”, we can construct a new ring S~! R containing
fractions of elements of R with an element of & as denominator. This should
generalise the construction of Q as ring of fractions of elements of Z, with an
element of Z \ {0} as denominator.

Definition 7.1. An element r € R is invertible if there exists an element 7’ € R
such that 77/ = 1[The subset of invertible elements of R is denoted R* C R.

16\We are in the commutative setting, so also the other equality r'r = 1 is immediately satisfied.
In the non-commutative setting one has to impose both equalities!
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For example, if F is a field, then F* = F\ {0}; instead Z* = {£1}; in the zero ring
the unique element is 0 = 1, which is invertible (with itself as inverse). We note
the following;:

e R* is an abelian grouﬂ with 1 € R as neutral element and with multi-
plication in R as composition;

e Every map f: R — S of commutative rings sends invertible elements to
invertible elements, and thus restricts to a map of abelian group f*: R* —
S*. Moreover, the subset f~1(S*) C R is closed under multiplication.

Definition 7.2. Let R be a commutative ring and S C R be a subset. A ho-
momorphism of commutative rings f: R — S is S-local if f(S) is contained in
Sx.

A localisation of R at S is a couple (S, f) of a commutative ring S and an S-local
homomorphism of rings f: R — S, satisfying the following universal property:
whenever (5, f) is a couple of a commutative ring S and a S-local homomorphism
of rings f: R — S, there exists a unique homomorphism of rings #: S — S such
that the following diagram of commutative rings commutes

R*>S

Nk

As usual, when defining something by universal property, we can easily check that
if R admits a localisation at S, then this couple (S, f) is unique up to canonical
isomorphism. But does a localisation exist? Before attempting to construct a
localisation, we note the following.

If S C R is a subset, we can define S to be the “multiplicative and invertible
closure” of S, i.e. the smallest subset of R containing S U R* and closed under
multiplication. Then it is easy to check that a homomorphism of rings f: R — S
is S-local if and only if it is also S-local. As a consequence, if a localisation of R
at S exists, then it will have also the universal property for being a localisation of
R at S; and viceversa, any localisation of R at S is also a localisation of R at S.

Definition 7.3. Let R be a commutative ring and let S C R be a subset containing
R* and closed under multiplication. We define S™'R as the set of equivalence
classes of couples (r,8) € R x S: two couples (r,s) and (r',s’) are equivalent if
there exists ¢t € S such that ¢rs’ = tr’s. Check that this is indeed an equivalence
relation! The equivalence class of (r, s) is usually denoted as a fraction .

We define a sum on the set S~'R by setting t+ ’S—: = rs'trls. ; the neutral element

ss’

and the additive inverse of % is —*.

of the sum is %,

We define a product on the set ST!R by setting s Z—: = the neutral ele-

ss’ )

ment of the product is % The set S~ R becomes thus a commutative ring (check
associativity, distributivity, well-definition of the operations...).

— . “1PR i
Moreover, we have a map of rings ns,zr: £ — S~ R given by r — 1.

We can now check that (S7'R, s r) has the universal property for being a locali-
sation of R at §. Let f: R — S be a homomorphism of commutative rings sending

17f R is non-commutative, we get nevertheless that R* is a (possibly non-abelian) group.
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S to §*. Then the map §: SR — S, if it exists, must send § = ns gr(r) to the
element f(r) € S, for all » € R. Moreover, for all s € S, we must have

o) -0 o(2) o ;) o) ()

using the easy-to-check equality & = % in S™'R. This means that # must send % to

the multiplicative inverse of f(s) in S, which fortunately, by the hypothesis on f,
exists. Last, for every £ € SR we can now write the constraint (%) = f(r)-0(%),

S
and therefore there are two possibilities:

e cither the above constraints are compatible with each other, and give rise
to a map of sets #: ST'R — S which happens to be a homomorphism of
rings: in this case 6 exists and is unique;

e or something goes wrong: in this case the required homomorphism of rings
0: ST'R — S does not exist.

Check that indeed everything goes fine.

Notation 7.4. If S C R is any subset, one defines S™'R as S~ R, where S is the
“multiplicative and invertible closure” of S in the sense above.

In fact, one can take even a larger “closure” of & without changing the universal
property of localisation.

Definition 7.5. Let 7,7" € R be two elements. We say that 7’ is a divisor of r if
there exists " € R with r'r”” = r. Note that a divisor of an element in R* is again
in R*.

Given a subset S C R, we define the “multiplicative and divisible closure” & C R
as the smallest subset of R which contains S U R*, is closed under multiplication,
and contains any divisor of any of its elements.

We remark that a localisation of R at S and a localisation of R at S have equivalent
universal properties, and thus are isomorphic rings. In few words: if we change R
by allowing denominators in S, then there is no harm in allowing denominators
equal to products of elements of S, or divisors of elements of S, or a combination
of the two.

Example 7.6. Let S = Z\ {0} C Z; then S~'Z is precisely the ring Q, as defined
in elementary school.

Let S = {2} C Z; then S7!'Z is the subring of Q containing all fractions whose
denominator has the form +2*, for some k& > 0. The same description holds for the
ring {4} ' Z.

In general, if S C Z \ {0}, then S7'Z is the subring of Q containing all reduced

fractions ¢ such that each prime factor of b is a divisor of some element of S.

Example 7.7. More generally, if R is a domain, one can define the fraction field
Frac(R) as the localisation (R \ {0})"!R.

Example 7.8. If S C R* C R, then the couple (R,Idg) has the universal property
for being a localisation of R at S. It follows that S™!'R is canonically isomorphic
to R; the canonical isomorphism is the map 7s g: R — S™'R.

The above examples suggests that ST R is a larger ring than R, in particular the
map 7s.r: R — ST'R is injective. This is however false in general!
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Example 7.9. Let § = R C R. Then every fraction © € § IR is equal to zero:
to check that = = %, we need to find t € S such that t-7-1=1¢-0-s, and we may
take t = 0. This means that R~!R is the zero ring; the map ng r: R — R™!R will

be surjective, but not injective (unless R itself is the zero ring).

Example 7.10. Let now R = Z/6 and let S = {[2]¢}. The map of rings f: Z/6 —
Z/3 sending [n]g — [n]s has the property of sending [2]¢ to the element [2]3, which
is invertible in Z/3. Let us check that (Z/3, f) has the universal property to be a
localisation of Z/6 at [2]s.

Let f: Z/6 — S be a homomorphism of commutative rings, sending [2]g to an
invertible element in S. Since [1]g — 1g € S, we must have that 2¢: = 1g+ 1g is
invertible. Moreover 65 = f([6]s) = f([0]¢) = Og. Finally, note that 25 - 3s = 6s,
hence this product vanishes. Multiplying by (25)7!, i.e. the multiplicative inverse
of 25 in S, we obtain that 3g = Og, which implies that f([3]g) = 0. This means that
f factors through the quotient Z/3 = (Z/6)/([3]¢) of Z/6 by the ideal generated by
[3]6, and this is precisely saying that f factors (uniquely) through f.

Again we note that ny2]4},2/6: Z/6 — Z/3 is not injective.

Let R be a commutative ring and let S be any subset of R. Then S™!R can be
considered as an R-module, using the map of rings s g: B — S~'R. We now have
the following remarkable fact.

Proposition 7.11. The R-module S™'R is flat.

Assuming the proposition, we observe that S~ R can be also considered as a S™'R—
R-bimodule; this implies that ST'R ®z — can be considered as a functor pMod —
s-1rMod, and the proposition says that this functor is exacﬁ

Example 7.12. Q is a flat and injective Z-module, but it is not a projective Z-

module (see Example [5.11)).

Example 7.13. Let Q(z) be the field of fractions of polynomials in Z[z]; then
Q(z) is a flat Z[z]-module. Clearly, Q(z) is also isomorphic to the field of fractions
of the domain Q[z], so it is also flat over Q[z].

Exercise 7.14. Let a > 1 be an integer. Prove that Z/2 is

e not at all a Z/a-module, if a is odd;
e a projective, hence flat Z/a-module, if a is even but a/2 is odd,;
e a non-flat, hence non-projective Z/a-module, if a is divisible by 4.

Generalise the above by replacing 2 with p*, for some p prime and k > 1.

7.2. Localisation of modules. To prove Proposition it is convenient to do
the following three steps:

o define a new functor S~'—: pMod — rMod;

e prove that the functor S~'— is exact;

e prove that the functor S~!— is naturally isomorphic to the functor ST'R® g
— RMOd — RMOd.

18Actua11y, the proposition says that the composition of the functor ST'R ® g —: gMod —
s—-1rMod with the functor F* s-1gMod — grMod is exact: but checking one statement is
equivalent to checking the other, as anyway any functor towards a category of modules if exact if
and only if its composition with the forgetful functor all the way to zMod is exact.
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Definition 7.15. Let R be a commutative ring and S C R. An R-module M is
S-local if for all » € S the map r- —: M — M is bijective.

Note that if M is S-local, then it is automatically also S-local:

e any element of R* acts bijectively on M, just because M is an R-module;

e if 7, 7" € R act bijectively on M, then so does rr’;

e using that R is commutative, if r acts bijectively on M and r = r'r"" = r""v/,
then both 7' - — and r”" - — must be self-bijections of M.

Example 7.16. Let M be an S~!R-module, and consider M as an R-module by
restriction of scalars along the map of rings R — S™'R. Then M is a S-local
R-module: indeed for every element r € S the map r - —: M — M coincides with
the map - —: M — M, which has as inverse the (forgotten) map % =M —- M.
In fact the converse also holds: if M is a S-local R-module, it is because it is obtained
from a S~!R-module by restriction of scalars. Concretely, for a fraction ) 'R
we can define the action % - —: M — M as the composition of 7 - —: M — M and
the inverse of the bijection s - —: M — M:

r re— (s-f)_1

-t M — M —— M.
Check that two equivalent fractions induce the same map M — M; check that
these maps assemble into an action of S™'R on M, so that the abelian group M
becomes an S~! R-module, and so that the old R-module structure can be retrieved
using the restriction of scalars.

The previous example shows that the information of a S-local R-module is equiva-
lent to the information of a S~'R-module. To make this precise, you can solve the
following exercise.

Exercise 7.17. The restriction of scalars functor is a functor s-1gMod — grMod
with the following properties:

e it is fully faithful (this means that a map of sets between S~ R-modules is
an R-linear map if and only if it is also an S~! R-linear map);

e its essential image is the full subcategory of pkMod spanned by S-local R-
modules (this means that precisely the S-local modules can be obtained,
up to isomorphism, through the functor).

Definition 7.18. Let M be an R-module. A localisation of M at S is a cou-
ple (N, f) consisting of a S-local R-module N and an R-linear map f: M — N
satisfying the following universal property: whenever (N, f) is a couple of a S-
local R-module and an R-linear map f: M — N, there exists a unique R-linear
map #: N — N such that the following diagram of R-modules and R-linear maps
commutes:

M —— N
X‘ lg
N.
Uniqueness up to canonical isomorphism of a localisation of M at S can be proved

in the usual way. The existence is given by the following definition, which is very
similar to Definition [Z.3]
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Definition 7.19. Let R be a commutative ring, S C R be a subset containing R*
and closed under multiplication, and let M be an R-module. We define S™'M as
the set of equivalence classes of couples (m,s) € M x S: two couples (m,s) and
(m’,s") are equivalent if there exists ¢t € S such that tms’ = tm's. Check that this
is indeed an equivalence relation! The equivalence class of (m, s) is usually denoted

as a fraction .

We define a sum on the set S™'M by setting 2 + ’;’—,/ = %, the neutral
element of the sum is %7 and the additive inverse of =* is —™.

We define an action of S™' R by scalar multiplication on S~'M by setting ST =
L The set S™'M becomes thus a S~ R-module, and hence by Example it
can be also considered as a S-local R-module (check that everything goes fine with
the above definition of S~! R-module structure on S~1M).

Moreover, we have a map of R-modules ns pr: M — S~ M given by m T

You can now adapt the proof of the fact that S~ R is a localisation of R at S as
rings, and prove that (S71M,ns ar) is a localisation of M at S as R-modules.

Notation 7.20. If S C R is any subset, we define S™'M as S~ M, where S is the
“multiplicative and invertible closure” of S.

We can now explore the functoriality of the construction transforming an R-module
M into a S'R-module S'M. Let g: M — N be an R-linear map. Then the
composition M % N "25¥ S=IN is an R-linear map M — S~IN with source M
and target a S-local R-module: the universal property of M ensures that there
exists a unique R-linear map 6: S™'M — ST!N such that the following diagram
commutes

M—2 N

les,M J{ﬁs,N
S'M 2o SN

The map 6 is usually denoted S~'g; concretely, it sends e @. This construc-

tion gives rise to a functor S™'—: gkMod — g-1zpMod, sending M — S~'M and
(9: M - N)— (871g: 7'M — S~IN).

Lemma 7.21. Let R be a commutative ring and S C R. Consider S™'R as a
S 'R — R-bimodule, and regard ST*R®pr — as a functor RMod — g—1zpMod. Then
there is a natural equivalence of functors (S7'1—) = (ST'R®pr —).

Proof. Let M be an R-module. We can define an R-bilinear map S™'R x M —
S~'M by sending (t,m) — =; this gives rise to an R-linear map ey : S'R®gr

M — S~'M. This map has the property of sending S@me— B
Viceversa, we can define an R-linear map M — S™'R ®p M as the composition

ns,ROrIdn
—_— S

M —= 3 RM “R® M;

Since the target R-module is S-local, the universal property of S™!M gives rise to
an R-linear map €},: ST'M — S"'R®x M. This map has the property of sending
T % Qg m.

The maps €); and €, are inverse of each other, as can be checked on generators.
To conclude the proof, one needs to check that:
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e the collection of all maps ep;, for M € rMod, assemble into a natural
transformation e: (871R QR 7) = (S’lf);

e the collection of all maps €¢),, for M € rMod, assemble into a natural
transformation €’: (8*1—) = (S’IR QR —).

This last check is left as exercise. O

The last step to prove Proposition is the following Lemma.

Lemma 7.22. Let R be a commutative ring, and let S C R be a subset. Then the
functor S~1—: RMod — rMod is ezact.

Proof. Without loss of generality assume that S contains R* and is closed under
multiplication. By Lemma we know that S~!— can be identified with a right
exact functor, namely ST!R®p —. So we do not really need to check whether S~!—
is enriched over abelian groups, is additive, is right exact. All we have to check is the
following: if i: M’ — M is an injective R-linear map, then S~'i: ST'M’' — S~ M
is injective as well.

Let m?, € S~1M’ and assume that @ = % € S~'M. Then there exists a t € S
such that t-i(m’) = ts-0 = 0. The injectivity of ¢ implies the equality t-m’ =0 € M’,
and this witnesses that m?’ =0eS M. O

7.3. A glimpse into abelian categories.

Definition 7.23. Let C be a category enriched in Z-modules, and let f: z —
be a morphism. A kernel for f is an equaliser of the diagram

i.e. it is a couple (¥, 7) with 4 € C and i: § — z, such that 0oi = foi (of course, the
first composition is also 0 € Home (7, «’), and such that whenever (y,7) is another
couple with i: y — x satisfying 0 04 = f o4, then there is a unique 6: y — § such
that i =io6.

Check that Definition [7.23]is equivalent to requiring that
(y;i:y—x, foiry—a)
is a limit in C of the diagram from Definition [7.23] Check that in pMod the

categorical kernel of an R-linear map f: M — N exists and a model for it is given
by the classical notion of kernel ker(f), together with the inclusion i: ker(f) C M.

Notation 7.24. In a generic category C, a morphism f:z — 2’ is called a
monomorphism if the following holds: whenever ¢,¢’: y — = are distinct mor-
phisms from some object y to z, then go f # ¢’ o f € Home(y, ).

If C is a Z-linear category admitting a zero object 0 (e.g., an additive category), a
morphism f: z — 2’ is a monomorphism if and only if the zero object satisfies the
universal property for being a categorical kernel of f.

In gkMod, a monomorphism is an injective R-linear map.

Definition 7.25. Let C be a category enriched in Z-modules, and let f: 2 — 2
be a morphism. A cokernel for f is a coequaliser of the diagram
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ie. it is a couple (Z,p) with z € C and p: 2’ — Z, such that po0 = po f (of
course, the first composition is also 0 € Home/(z, z), and such that whenever (z, p)
is another couple with p: 2’ — 2 satisfying po 0 = p o f, then there is a unique
0: zZ — z such that p =60 p.

Again, a categorical cokernel can be equivalently defined as a colimit of the diagram
from Definition In pMod a model for the categorical cokernel is given by the
classical cokernel coker(f), together with the projection to the quotient p: N —
coker(f), using the notation above.

Notation 7.26. In a generic category C, a morphism f: x — 2’ is called an
epimorphism if the following holds: whenever g,¢": ' — y are distinct morphisms
from 2’ to some object y, then fog # fog € Home(z,y).

If C is a Z-linear category admitting a zero object 0 (e.g., an additive category), a
morphism f: x — z’ is an epimorphism if and only if the zero object satisfies the
universal property for being a categorical cokernel of f.

In gkMod, an epimorphism is a surjective R-linear map.

Example 7.27. Let zMod’"®® be the subcategory of zMod containing all free
abelian groups and all Z-linear maps between them. It is a Z-linear category and
it is also additive, as finite products of free abelian groups are again free abelian
groups.

For a homomorphism f: A — B of free abelian groups, the classical ker(f) is a
subgroup of a free abelian group, which is again a free abelian grouﬂ Check that
ker(f), with its inclusion in A, is a categorical kernel for f in the category zMod/"
(Hint: if ker(f) has the universal property to be a categorical kernel in the larger
category zMod, then it also has the universal property in the smaller category
zMod”"*¢ | in which it also lies.

We sketch now an argument showing that not every map in zMod/"* admits a
cokernel. We start from the following black-boxed fact about the Z-module J ], Z:

Homy, (H 7 Z) =~ Pz,
€N jEN
where the isomorphism is given explicitly as the map from @ jen Z to Homz([[;en %; Z)
sending the basis element ¢;(1) to the projection on the j*" coordinate 7;: (n;)ien
nj. In particular, note that [, Z is not a free abelian groups: if it were, it would
have a more-than-countable basis (indeed, the infinite product is a more-than-
countable set), but then Homy (HieN Z; Z) would also be a more-than-countable
set, whereas by the black-boxed fact Homyp, (HieN Z; Z) is a countable group.
Now let gi: Iy — Fy be a presentation of the Z-module [[;.yZ, i.e. coker(g;) =
[LicnZ, where Fy and Fy are free abelian groups (likely of more-than-countable
size). We claim that g; admits no categorical cokernel in zMod?"*®.  Suppose
instead that there is a categorical cokernel (A,p), where A = @, ;Z is a free

abelian group, and p: Fy — A. Then there are isomorphisms of abelian groups

@Z%Homz <HZ;Z) ~{f:Fy—Z|fogi=0: Fy - Z} =~ Homgy(4,Z7).
jeN ieN

1914 is in general true that if R is a PID (or a field!), then a sub-R-module of a free R-module
is again free. This is false for generic rings.
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The first bijection is given by the black-boxed fact; the second is given by the fact
that HiENZ is a cokernel of g; in the category zMod; the third is given by the
assumption that A is a cokernel of g; in the category zMod’/™¢. And now we see
a contradiction: if I is finite, then the first group is an infinitely generated free
abelian group, and the last is a finitely generated free abelian group; if instead I is
infinite, then the first is a countable group and the last is a more-than-countable
group.
The previous example shows that it is possible to find an additive category C that
op
does not admit all categorical cokernels of its morphisms. Taking (zMod/™¢) ",

we also get an example of an additive category that does not admit all categorical
kernels. The next definition will thus discriminate good additive categories like
rMod and Modp from less well-behaved additive categories like zMod/"ee.

Definition 7.28. An additive category C is an abelian category if the following
hold®%
e cvery morphism f: z — y in C admits a categorical kernel and a categorical
cokernel;
e if i: x — y is a monomorphism and (7, p) is a categorical cokernel of ¢, then
(x,17) is a categorical kernel of p;
e if p: x — y is an epimorphism and (Z,4) is a categorical kernel of p, then
(y,p) is a categorical cokernel of i.

The categories pMod and Modg are abelian. An abelian category is the right
place where to define exact sequences, and in general where to study homological
algebra. For example, a priori one can define the image of a morphism f: z — y
in an abelian category C in two different ways:

e Im; (f) is a categorical kernel of the natural map y — coker(f);

e Imy(f) is a categorical cokernel of the natural map ker f — x.
The map f: z — y is such that the composition ker f — = — y is zero, hence
it induces a map Imy(f) — y; this map has the property that the composition
Imy(f) — y — coker(f) is zero (check this carefully!), hence it induces a map
Imy(f) — Imi(f). The axioms of abelian category imply that this last map is an
isomorphism. It follows that in an abelian category there is a well-behaved notion
of “image of a morphism”.
A sequence ...x;41 s T; EIY r;_1... in an abelian category can be declared to be
exact at x; if g;0g;+1 = 0 is the zero map, and the natural map Ima(g;4+1) — ker(g;)
is an isomorphism (here it is convenient to use the second definition of image, as a
coker, in order to define a map out of it).

Exercise 7.29. Define projective and injective objects in a generic abelian cate-
gory, mimicking Lemmas [5.3] and

8. CHAIN COMPLEXES AND HOMOLOGY

We fix a ring R throughout the section and work in the category rMod of left R-
modules. An analogue discussion could be carried out in Modg, or in any abelian
category A.

20here 0 denotes the zero object of C i.e. the initial and terminal object; we use that C is
additive to invoke the existence of this object.
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8.1. Chain complexes. We already saw the notion of chain complex in Definition
3.14] but let us repeat it, with a slightly different notation that is somehow more
standard.

Definition 8.1. A chain complex in pMod is the datum (C,,d) of a sequence
Co(Cy)icz of left R-modules C; € gpMod, and a sequence d = (d;: C; — Ci_1)iez
of R-linear maps between them, with the requirement that for all i € Z the compo-
sition d; o d;_1: C; — C;_o is the zero map. A chain complex can be represented
by a diagram as follows:

i, Cit1 SN Ci 4, Ci1 N
The condition that d; o d;—; = 0 can be reformulated by saying that Im(d;) C
ker(d;—1). However, we do not require equality in the containment (otherwise
we would get an exact sequence, which is a special case of chain complex). The
elements of C; are called i-chains / chains of degree i, and the map d; is called the
ith differential / boundary map.

Definition 8.2. Let (C,,d) be a chain complex in gMod. For all n € Z we define
the n't homology group of (C,,d), denoted H,,(C,,d), as the quotient ker(d,,) /Im(d,, +1),
which is again a left R-module

Note that H,,(Cl,, d) is neither a quotient module nor a submodule of C,: it is rather
a subquotient, that is, it is the quotient of a submodule of C), by a subsubmodule;
or equivalently, it is a submodule of a quotient of C),.

Notation 8.3. Often we denote by C, a chain complex (C,,d), leaving the dif-
ferentials understood. For i € Z we denote by 3;(C,) = ker(d;) C C;, and i-
chains lying inside 3;(C,) are called i-cycles / cycles of degree i. We also denote
B;(Co) = Im(d;i+1) C 3:(Ce) C C;, and i-cycles lying inside B;(C,) are called
i-boundaries / boundaries of degree i.

In this notation, we have H,(Cs) = 3,(Ce) /B (Ch).
Why are we interested in chain complexes and their homology?

e One motivation comes from the already-mentioned fact that, in general, an
additive functor between abelian categories F': A — B (think of categories
of modules, if you like) sends exact sequences to chain complexes that may
not be exact sequences. Homology groups should measure the “failure of
a chain complex from being an exact sequence”, and therefore they could
help keeping track of what’s going on when we manipulate exact sequences
with additive functors.

e Historically, chain complexes and homology were introduced in order to
associate algebraic invariants to topological spaces, in order to distinguish
non-homeomorphic spaces. Let X and Y be given topological spaces: if
X and Y are homeomorphic, we can prove it by exhibiting a continuous
bijection X — Y with continuous inverse; but if X and Y are not homeo-
morphic, how are we going to prove it? We usually cannot “try” one by one
all maps X — Y and check that all of them are not homeomorphism! An
algebraic invariant a of topological spaces is roughly supposed to associate
with every topological space X an invariant «(X), which can be a number,

2lsomehow, one usually says “homology group” instead of “homology module”...
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a vector space, a finitely generated abelian group... in any case something
easily computable and comparable; moreover we require that if X and Y are
homeomorphic, then «(X) is “equivalent” to «(Y) (if they are numbers,
they must be equal; if they are vector spaces or abelian groups, they must
be isomorphic, and so on). An algebraic invariant can be used backwards to
prove non-homeomorphism of spaces: if X and Y are two spaces and if we
can compute a(X) and a(Y") and determine that they are not “equivalent”,
we have a proof that X and Y are not homeomorphic.

e In a similar way, chain complexes and homology are used to attach al-
gebraic invariants to other complicated mathematical objects, like (non-
commutative) groups and algebraic varieties.

Example 8.4. Consider the short exact sequence of abelian groups Z 327 [12 7/2
as an (exact) chain complex

e =0 G =Z 5 Co=Z B =72 C =0 — ...

We can apply the additive functor — ®z Z/2 and obtain (after a little work) the
chain complex

Id
o C=0—>0C =722 % Ch=7/2 5C ,=7/2 — C,=0— ...

The homology groups of C, can be computed as follows:
o H 1(CL)=27Z_1(CL)/B_1(CL) = (Z/2)/(Z/2) =0, i.e. C) is exact at C"_;
o Hy(CL) = Zy(CL)/By(C,) =20/020, ie C,is exact at C{;
o H{(C,) = Z1(C})/B1(C,) = (Z/2)/0 = Z/2, and in particular C} is not
exact at Cf;
e for all other n, the homology group H,(C}) is a subquotient of the zero
module C,, = 0, and hence it vanishes as well.

The homology group H;(C,) measures the failure of — ® Z/2 preserving the ex-
actness of the SES z -3 7 =& Z)2.

Example 8.5. For n > 0 denote by A" the standard n-simplex:
A" = {(xo,...,xn) eR"™ g, ..., 2, >0 20 +...2, = 1} c R*HL.

Let X be a topological space; then we can define, for all n > 0, the set S,,(X) of
all continuous maps o: A™ — X, and the associated free abelian group S, (X) =
Does, (x) Z- For n <0 we also let S,,(X) be the zero abelian group.

For n > 1 and for all 0 < i < n we define d™*: A"~ — A™ as the continuous map
(zoy...,Tn-1)— (zo,...,2i—1,0,24,...,2,—1) inserting a “0” in position i. Every
continuous map o: A" — X gives rise to a map dy, ;0 := (0 o d™"): A"l - X.
We thus get, for all 0 < i <n, a map of sets d,, ;: Sp(X) = Sp—1(X).

We can now define a map d,, ;: S, (X) — S,,—1 by setting on basis elements ¢, (1) —
td, ;o(1). Finally, we take an alternating sum of the previous, and define

dp = dn,O - dn,l + dn,Z — et (_1)ndn,n: Sn(X) — Sh_1X.

For n < 0 we also let d,, be the zero map. And now three miracles occur.

e The collections (S, (X))nez, together with the maps d,,: S, (X) — Sp—1(X),
gives rise to a chain complex.
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e As you may have noticed, the abelian groups S, (X) tend to be huge: they
have a generator for each continuous map A" — X; nevertheless, the ho-
mology groups H;(Se(X)) are often small and, most importantly, com-
putable.

e It should be apparent that if there is a homeomorphism X = Y between
two spaces, then we get bijections of sets S, (X) = S, (Y) and thus isomor-
phisms of abelian groups S, (X) = S,(Y), so we can in fact identify the
two chain complexes (S¢(X),d) and (Se(Y),d). In particular, we have that
for all i € Z, the abelian groups H;(S.(X)) and H;(S.(Y)) are isomorphic.
Viceversa, suppose that X and Y are two spaces, and suppose that for
some ¢ both abelian groups H;(Se(X)) and H;(Se(Y)) can be computed,
they are finitely generated abelian groups, but they have different lists of
cyclic summands: then H;(Se(X)) and H;(S.(Y)) are not isomorphic, and
hence X and Y are not homeomorphic.

Exercise 8.6. Let X be a topological space and let G be a (discrete) group.
Suppose that G acts on the space X by homeomorphism. Prove the following:

e G acts on each set S, (X);

e cach Z-module S, (X) can be upgraded to a Z[G]-module;

e cach homology group H,(S.(X)) is also naturally a Z[G]-module.
It can happen that two spaces X and Y both have an action of G, and are homeo-
morphic, but we find it difficult to find a G-equivariant homeomorphism X — Y,
and we start thinking that it just does not exist. Then the abelian groups H, (X)
and H,(Y) are going to be isomorphic for all n, but perhaps we are lucky enough
to find some n such that H,(X) and H,(Y) are not isomorphic as Z[G]-modules;
this would be a proof that X and Y are not G-equivariantly homeomorphic.

Example 8.7. Here is an example of a chain complex of abelian groups, together
with the subgroups of cycles, boundaries, and the homology groups. All dots rep-
resent infinite sequences of zero abelian groups and zero maps between them, so
they can be safely neglected.

..Cy Cs Cs Cy Cs Cs Ch Co...

[3- 16 2-— [~z

Y z)6 270 706 0 sz 4 Q/Z — 0...

Zg =27 Z5:<[3]6> Z4:Z/6 Zs =0 Zo =17 le@/Z
Bs=0 B;=(3]¢) Ba=([2]s) Bs=0 DB2=5Z B1=Q/Z
He~7 Hy=0 H,~7/3 Hy~0 Hy=7/5 H, =0,

8.2. Chain maps.

Definition 8.8. Let (C,,d") and (D,,d”) be two chain complexes in gMod. An
R-linear chain map f: Cy — Dy is a collection of R-linear maps f;: C; — D; such
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that the following diagram commutes for all ¢ € Z:

a¢
C,’ — Ci—l

J{f’i J{fi—l
e

D; — D;_1.

An isomorphism of chain complex is an R-linear chain map f such that each f; is
an R-linear isomorphism.

Given R-linear chain maps C, i> Do and D, EN E,, their composition fog is the R-
linear chain map Cy — F, obtained as the collection of R-linear maps f;og;: C; —
FE;: check that this is indded again an R-linear chain map.

We thus obtain a category Ch(gMod) with objects being chain complexes in pkMod,
and morphisms being R-linear chain maps. We shall also abbreviate rCh =
Ch(gMod) and Chgr = Ch(Modg).

Note that if f,g: Coy — D, are R-linear chain maps, then their sum f + g, given in
degree i by f; + g;: C; — D;, is again an R-linear chain map. Check that in this
way the category rCh becomes enriched over abelian groups.

Note also that if Cy and D, are objects in gCh, then we can define Cy ® D, as the
chain complex whose i-chains are C; @ D;, and whose i*? differential is given by the
map C; ® D; — C;_1 ® D;_; mapping C; — C;_; by the i*" differential of C,, and
D; — D;_; by the i'" differential of D,. Check that Cy ® D, is both a categorical
product and a categorical coproduct of Cq and D, in gCh.

Check also that the zero chain complex 0O,, all of whose R-modules are the zero
module, is an initial and terminal object in zCh.

We obtain (after checking a lot of details) that zrCh is an additive category. In
general, for an abelian category A, one can define a new category Ch(.A) of chain
complexes in A, and this category is an additive category.

We have already invoked in Example the principle that if two chain complexes
are isomorphic, we can just identify them and thus get identifications of their ho-
mology groups. To make this precise, we need the following construction.

Let f: (Co,d®) — (D,,d”) be an R-linear chain map. Then the following happens,
for all n € Z:

e themap f;: C; — D; restricts to an R-linear map 3;(Cs) — 3;(D.): indeed,
if z € 3;(Cs) C C, then (z)d¥ = 0, hence 0 = ((z)d¥)fi_1 = ((x)fi)dP,
implying that fi(z) € 3:(Ds);

o themap f;: 3;(Ce) — 3;(D.) further restricts to an R-linear map B;(C,.) —
B,(D,): check it!

As a consequence, the composition 3;(Cl) et 3i(Ds) — H;(D,) vanishes on
B,;(C,), and hence induces an R-linear map out of the quotient H;(Cs) — H;(Ds,).

Definition 8.9. Let f: Cq — D, be an R-linear chain map. We denote by
H,(f): H,(Cs) = H,(D,) the induced R-linear map between homology groups.
We obtain, for each n € Z, a functor H,(—): gCh — grMod, sending Co — H,,(C,)
and sending (f: Co — Da) — (Hp(f): Hp(Co) = Hp (D).

Check that H,,(—) is also an additive functor: for instance H,,(0,) = 0 and H,,(Ce®
D,) = H,(C,) ® H,(D.).
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Often the map H,(f) is written simply as f.. The “,” is a common way to mean
that the new map is constructed in a functorial way from the old map.

Example 8.10. If f: C; — D, is an isomorphism, then H,(f): H,(Ce) —
H, (D,) is an isomorphism. However, the converse does not hold: consider for
example the following chain map of chain complexes over Z:

O =0 —— Cy=Z 0 =7y =0...

| l l l

D3:0*>D2:0*>D1:04>D0:0

Then both C, and D, are exact sequences, that is, H,(Ce) = H,(D,) = 0 for all
n € Z; it follows that H, (f) is an isomorphism between zero groups for all n. Yet
C, and D, are not isomorphic chain complexes.

Example 8.11. If ¢: X — Y is a continuous map of topological spaces, then it
induces a map of chain complexes So(X) — Se(Y), which is an isomorphism of
chain complexes in the special case in which ¢ is a homeomorphism.

In turn, ¢ induces a map of homology groups H,,(Se(X)) — H,(Se(Y")), which is an
isomorphism of abelian groups in the special case in which ¢ is a homeomorphism.

8.3. gCh as an abelian category. In constructing the functor H,(—) we have
noticed that if we have an R-linear chain map f: (C,,d®) — (D,,d”) then f; sends
3;(C,) inside 3;(Ds) and B;(C,) inside B;(D,). One can use a similar argument
to prove the following:
e for all i € Z, the differential d$': C; — C;_; sends ker(f;) inside ker(f;_1);
e we obtain a new chain complex (ker(f),dc|ker(f)), which is a categorical
kernel of f in the category rCh;
e for all i € Z, the differential d”: D; — D;_; sends Im(f;) inside Im(f;_1),
and thus induces a differential dlC-Oker(f ) coker(f;) — coker(fi—1);
e we obtain a new chain complex (coker(f),d®*®"/)| which is a categorical
cokernel of f in the category rCh;

It turns out (after checking many details) that the category rCh is an abelian
categorﬂ More generally, whenever A is an abelian category, then also Ch(A) is
an abelian category. In the following examples we discuss what kernels, cokernels
and images are in the category rCh, and investigate also the notion of exactness.

Example 8.12. Consider an R-linear chain map f: Cy — D,; then:

e ker(f) is a sub-chain complex of C,, obtained by putting ker(f;) in degree
i, and by restricting the differential of Cl;

e Im(f) is a sub-chain complex of D,, obtained by putting Im(f;) in degree
i, and by restricting the differential of D,;

e coker(f) is the quotient chain complex D,/Im(f), obtained by putting
D;/Im(f;) in degree ¢, with the induced differential coming from the differ-
ential of D,;

e “f is a monomorphism” iff “ker(f) is the zero chain complex” iff “for all
i € Z the R-module ker(f;) vanishes” iff “each f; is injective”; in this case
we also say that f is an injective R-linear chain map;

22We already mentioned that it is an additive category



HOMALG 2021 61

e “f is an epimorphism” iff “coker(f) is the zero chain complex” iff “for all
i € Z the R-module coker(f;) vanishes” iff “each f; is surjective”; in this
case we also say that f is a surjective R-linear chain map.

Example 8.13. A SES of chain complexes in gMod has the form
A. 41; > B. £ ? 007

where A,, B, and C, are chain complexes of left R-modules, i is an injective R-
linear chain map, p is a surjective R-linear chain map, and there is an equality
ker(p) = Im(i) of sub-chain complexes of B,.

In particular, for all j € Z we obtain a SES of left R-modules

Aj 4J> Bj *]> Cj.

Example 8.14. A chain complex in gCh is commonly known with the name of
double complex of left R-modules: it has the form of a diagram of left R-modules
and R-linear maps

L0

—— Ciy1j11 —— Cig1j —— Cig1j-1 —— Cigaj—2 —— ...

l | l l

L Cl‘,j+1 Ci,j Ci,jfl E— Ci,j*Z _— ...

| | | |

. — Ci—l,j-i—l e Ci—l,j —_— Oi_17j_1 —_— Oi—l,j—Q —_— ...

l l l l

such that each square commutes, each composition of two consecutive horizontal
maps is the zero map, and each composition of two consecutive vertical maps is
the zero map. In other words: each column is a chain complex, each sequence
of horizontal arrows between two consecutive columns is a chain map, and the
composition of two consecutive chain maps between columns is the zero chain map.
If (and only if) each row is exact, we get an exact sequence of chain complexes,
whose terms are the columns and whose maps are the chain maps between columns.

So far we have seen that both pfCh and pMod are abelian categories; moreover, for
all n € Z, we have constructed an additive functor H,(—): gCh — gMod. The
question whether H, (f) is an ezact functor makes sense, and it would be wonderful
if this were the case; unfortunately, no.

Example 8.15. Let R =Z. Let A,, Bo, Cs be the chain complexes characterised
as follows:

e A, =0forall n+#0, and Ay = Z;

e C, =0foralln#1,and C, =Z;
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e B, =0foralln+#0,1, and By = By = Z; the differential By — By is Idy.

Moreover, let i: Ay — B,e be the chain map characterised by iy = Idz, and let
p: Be — (4 be the chain map characterised by p; = Idz. We obtain a SES of chain
complexes (columns in the following diagram)

L]

Ay =0 —— By =0 —— C>, =0

| | |

A=0 —— B =7, 0, =7

l [ |

Ag=7 2 s By=7 — Cy=0

l l l

A,1:0*>B,1:04>C71:

| | |

If we apply the functors Hy(—) and Hy(—) we obtain the following short sequences
of abelian group

1%

Z;

Hl(A.) =20 —— Hl(B.) =20 —— Hl(C.)

1

Ho(A.) >27 —— Ho(B.) 20 —— Ho(c.) 0.

Sadly, the first sequence is not left exact, and the second is not right exact; so in
general we cannot expect H, (—) to be neither a left exact nor a right exact functor
(and even less, an exact functor).

However, we notice two remarkable facts:

e both short sequences are exact in the middle;

e the first sequence has a “Z” too much to be exact, sitting on the right, and
also the second sequence has precisely a “Z” too much to be exact, sitting
on the left.

We will explain these phenomena with the snake lemma.
8.4. The snake lemma.

Lemma 8.16 (Snake lemma). Let A, N Be % C, be a SES in gCh. Then there
are natural R-linear maps Opn: Hp(Cs) = Hp—1(As), called connecting homomor-
phisms, such that the following is an exact sequence of left R-modules, called the

23All other functors Hy(—) give rise to the trivial SES 0 — 0 — 0, so we neglect them here.
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homology long exact sequence:

You should appreciate how the last diagram has the form of a snake. The proof of
the snake lemma is not difficult, but it is very long; I strongly recommend to finish
on your own the beginning of proof that you find here. After the partial proof, I
will comment on the word “natural” appearing in the statement.

Partial proof of the snake lemma. Even before constructing the maps 0,,, we can
check exactness at H,(B,) of the sequence H,(As) = Hp(Be) = Hp(Co).

Let therefore z € 3,(B,) be a cycle that represents a homology class [z] € H,(B.).
Suppose that H,(p): [x] — 0 € H,(C,). This means that (z)p, € C, is not

only inside 3,(C,) (as the fact that p is a chain map guarantees) but also in
%B,(C,). That means that there exists y € C,41 with (y)dS,; = (z)pn. By
surjectivity of p,y1: Bpy1 — Cpa1, we can find z € B,y such that (z )pn+1 =y.

Let w = dZ,,(2). Then we have

(w)pn = ((2)dZ ))pn = ((2)Pnt1)dS 11 = (¥)dS 41 = (2)py.

It follows that (x — w)p, = 0; moreover [z — w] = [z] € H,(B,), because w €
B,,(B,.). Since A,, — B,, — C,, is a SES, there exists a unique t € A,, such that
(t)i, = x —w. Moreover we have ((t)d?)i,_1 = ((t)in)d? = (z —w)d? = 0, and
since 4,,_1 is injective we conclude that (t)d? is a cycle in 3,,(A,), i.e. it represents
a homology class [t] € H,(As). Finally, we have H,(i): [t] — [z — w], because
in: t — x —w. The conclusion is that whenever [z] € H,,(B,) is a homology class
in the kernel of H,(p), there is a homology class [t] € H,(A.) with Hy(7): [t] — [z].
This was the difficult half of checking exactness at H,(B,): the easy part is to
check that H, (i) o H,(p) is the zero map, but this follows from the fact that H,
is an additive functor: H, (i) o H,(p) = H,(i o p) = H,(0) = 0, together with the
fact that i o p = 0 (the last composition is in the category rCh, but degreewise it
is a composition in the category rMod).
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Next, we define an R-linear map 9y : 3,(Cy) — Hp_1(As). Let now z € 3,(C,);
by surjectivity of p, we may find y € B,, with (y)p, = 2. Let now z = (y)dZ; we
then have

(2)pn—1 = (VA )pn—1 = (Y)pa)d;, = (x)d}; =0,
because z is a cycle. It follows by exactness of A, 1 — B,_1 — C,_1 that there
is a unique ¢t € A,,_1 such that (t)i,—1 = z. Moreover we have

() )in—2 = (Din-1)dy_ = (2)d;_y = ((y)dy,)dy 1 =0,

which, together with the fact that 4, o is injective, implies that (t)d4_, = 0, i.e.
(t) is a cycle.

We claim that the map of sets 9,: 3,(Ce) — H,_1(A,) sending z — [t] is well-
defined. There was in fact a choice in the above argument, namely we choose one of
the (possibly many) elements y € B,, with (y)p, = x. Suppose that we had chosen
another element 3’ € B, with (y')p, = x: what would have been the result?
Instead of z, we would have taken 2z’ = (y')d2, and instead of ¢, we would have
taken the unique element ¢’ € A,,_; such that (¢')i,—1 = 2’. However, note that
1y’ —y is in the kernel of p,,, and hence in the image of 7,,. Let w € A,, be the unique
element with (w)i, =y’ —y. We can now compute

(w)dpYin—1 = (w)in)dy, = (y —y)dy = 2" —z= (' —t)in-1,

and since i,_; is injective, we obtain that (w)d? = t' —t. The conclusion is:
perhaps t' # t, but at least the difference of these two cycles is a boundary, and
hence [t] = [t'] € Hp—1(Aa).

Great, the map of sets O : 3n(Ce) = Hy,—1(A,) is well-defined. Is it an R-linear
map?

o If 1,29 € 3,(C,) and y1,y2 € B,, are elements such that (y1)p, = =1 and
(y2)pn = T2, then y; + yo is a good example of an element of B,, which is
sent to x1 + a2 under p,; we can use this element to construct 5‘n(x1 + x9),
and obtain (with obvious meaning of the symbols)

On (1 4 m2) = [ty 4 ta] = [t1] + [ta] = On(21) + Op(22).

o If v € 3,(C,) and r € R, and if y € B, is such that (y)p, = z, then
r-y € B, is a good example of an element in B,, which is sent to r -z under
Prn; again we obtain, after a few simple steps, that

On(r-z)=[r-t]=r-[t] =7 Ou(x).
Finally, is it true that d,, vanishes on the submodule B,,(C,), so that it induces an
R-linear map 0,,: H,(Co) = H,—1(As)? If € B,,(C,), then there exists u € Cy,41
with (u)dS,, = z; by surjectivity of p,4+1 we can find v € B, 41 with (v)ppi1 = u;
we then have
(V)7 )pn = (V)Pa+1)dy sy = (Wdg oy = 2,

so that the element y := (v)d%, | can be used to construct On(z). But the next step
is to take z = (y)9F = ((v)dZ,,)d5 =0, and then also t € A,,_; will just be 0. It
follows that d,,(z) = [0] € H,_1(A,).

At this point I stop. I think that it takes at least one hour to check all details of

the proof (including checking that all maps are R-linear). And as I said, this is the
kind of proof that it is better to do on one’s own. ([l
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About the word “natural”: suppose that you have two SES of chain complexes,
connected by R-linear chain maps as in the following diagram, which is assumed to
be a commutative diagranﬁ

A.%B.LC,

-

. ’
K2

A, —— B, == (|,

Then combining the two long exact sequences provided by the snake lemma, and
the morphisms induced in homology by the chain maps f4, fg and fc, we obtain
a diagram

L Ho(AD 9 g By P g0 2 vy (40 Y (B L
J{Hn(fA) J{Hn(fB) J{Hn(fc) J{Hn—l(fA) J{anl(fB)

L H(A) T (B T (0 T Haa(A) TS, (B

The first two squares (of the one drawn) and the fourth one commute: indeed
H, (—) is a functor (and so is H,—1(—)). It would therefore be very sad if the third
square didn’t commute! Fortunately, it does

Example 8.17. What happens if A, and C, are chain complexes, and we take
By := Ae & C,? The we obtain a split SES of chain complexes A, = B, LN C,, i.e.
there is an R-linear chain map s: C4 — B, which is a section of p.

It follows that for all n € Z the R-linear map H,(p): H,(B,) — H,(C,) is surjec-
tive: it is in fact split surjective, i.e. it is surjective and admits a section, namely
H,(s). In a long exact sequence, if a map is surjective, then the next map is zero,
and the second next map is injective. The long exact sequence of homology groups

24We can think of a category SES(rCh) whose objects are short exact sequences of chain
complexes of left R-modules, and whose morphisms are diagrams like the given one
25Can you interpret 9, as a natural transformation between two functors SES(gCh) — gMod?
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looks like

)

i.e. it splits into several short exact sequences (which in fact are split short exact
sequences) H, (As) = H,(Bs) — H,(C,). This should be no surprise, since each
functor H, (—) is additive.

8.5. Suspension, desuspension, cone. Given a chain complex (C,,d) we can
define new chain complexes by shifting indices.

Notation 8.18. Let (C,,d“) be a chain complex in gkMod. For all k € Z we define
Yk (C,,d®) as the chain complex (Ds,dP) such that D; = C;_, and dP = d¢ ,.
This is often called the k-fold suspension of C,. Another common notation for
Y*C, (yes, one often leaves the differential understood...) is Co[k].

We note that H,(Celk]) = Hp—(Cs). A chain map f: Co — D, gives rise to a
chain map 2¥C, — ¥*D,, and we can in fact regard X*— as an autofunctor of the
category prCh, with inverse functor =% —.

Definition 8.19. Let f: C4¢ — D, be an R-linear chain map. We define a new
chain complex Cone(f)s as follows:
e we set Cone(f); = D; ® Cj_1;
e we define the differential d?one: Dj®Cj_1 = Dj_1 ® Cj_2 as follows:
— on the summand D; we take the map y — ((y)d?, 0);
— on the summand C;_; we take the map z — ((2)f;_1, —(2)d§ ).

The previous definition might seem awkward, but it allows us to write a SES of
chain complexes starting with D, and ending with XCy = X1C,:

Dy, — Cone(f)e LA /o R

We have indeed obvious SES of left R-modules D; — Cone(f); = D; & Cj_1 —
YC; = Cj_1; these SESs assemble into a SES of chain complexes (check this: some
squares must commute!).
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At first glance it could seem that Cone(f) is just the direct sum of the chain
complexes D, and XC,, but this is (in general) not true! Indeed the connecting
homomorphism 0,,: H,(3Cs) — H,_1(D.) coincides, after identifying H,(XC,)
with anl(C.), with the map (—1)" nfl(f)i Hn,1(C.) — anl(D.).

The previous construction should be seen in the following light:

o if f: Cy — D, is injective, we can consider the chain complex coker(f) and
complete Cy — Do to a SES of chain complexes Cy — D, — coker(f),
yielding a homology long exact sequence containing the morphisms H,,(f);

o if f: Cy — D, is surjective, we can consider the chain complex ker(f)
and complete Cy — D, to a SES of chain complexes ker(f) — Co — D,
yielding a homology long exact sequence containing the morphisms H,,(f);

e but if f: Cy — D, is neither injective nor surjective, what do we do? We
complete Cy and D, to a SES of chain complexes Dy — Cone(f)e — LCl,
where the last chain complex is not quite C,, but also very close to it;
up to a sign, the maps H,(f) occur as connecting homomorphisms in the
associated homology long exact sequence.

8.6. Cochain complexes. There is a dual notion, often used in the literature, of
cochain complex. A cochain complex is usually denoted (C*,0), and consists of left
R-modules C?, for all i € Z, together with maps §°: C* — C**!. So the degree
increases by 1 instead of decreasing by 1. The composition of two differentials is
still required to be the zero map.

Clearly, given a cochain complex (C*®,¢), we can define a chain complex (C,, d) by
setting C; = C~% and (d;: C; — C;_1) = (67%: C~* — C~1). So up to mirroring
indices, there is not a great difference between chain and cochain complexes.
Homology groups of a cochain complex are called cohomology groups, and usually
one denotes H™(C*®) the group that, in the mirroring above, would be denoted
H_,(C,). Everything in this section has an analogue version for cochain complexes
and cohomology.

Example 8.20. Let (C,,d) be a chain complex in gMod, and let F': gMod®” —
sMod be a contravariant, additive functoﬂ

Then we obtain a cochain complex F(C)® = F(C,): we let F(C)! = F(C;, and we
let 6 = F(di11): F(C;) — F(Ci11). The fact that the functor is contravariant has
the effect of changing a chain complex into a cochain complex (and viceversa).

As a specific example, consider the chain complex of Z-modules

m,n)—n

C4ZO*>C3:ZﬂCQZZQ(*> 01:Z4O>COZZ*>C_1=O

If we apply the additive functor Homyz(—,Z) we obtain a cochain complex that,
after simple manipulations, reads

..D4:O<—D3:%<—D2:ZQ<—D1:Z<—D°:Z<—D‘1=O...
m,n)—2m 0

_‘(071)

where we wrote D* = Homgz(C;, Z). If you want to have fun, compute the homology
and cohomology groups of the two complexes: they will be finitely generated abelian
groups, and you will notice a very regular behaviour of the summands “Z”, but a
strange behaviour of the summands “Z/k” with k& > 2.

26For simplicity I keep making examples involving only abelian categories of the form rMod
or Modg...
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9. CHAIN HOMOTOPIES, HOM AND TENSOR OF CHAIN COMPLEXES

9.1. Chain homotopies. In this subsection we work for simplicity in the category
rMod of left R-modules over a ring R, but the discussion can be generalised to any
abelian category.

Definition 9.1. Let f: Co — D, be a chain map between chain complexes in
rMod. We say that f is a quasi-isomorphism if for all n € Z the induced map
H,(f): Hy(Cs) — H,(D,) is an isomorphism of left R-modules.

For instance, the chain map from Example is a quasi-isomorphism:

...03:0%CQZZ%C&:Z%CO:O...

| l l l

o.D3=0——> Dy=0——> D1 =0—— Dyg=0...

Example 9.2. Let C be any chain complex in zpCh and let 0, be the trivial chain
complex. Then the (unique) chain map f: 0 — C, is a quasi-isomorphism if and
only if all homology groups of C, are the zero R-module, i.e. if and only if C, is
an exact sequence.

Of course, Cy being an exact sequence is also equivalent to requiring that the
(unique) chain map g: Cy — 0, is a quasi-isomorphism.

Notation 9.3. A chain complex with vanishing homology groups is also called an
acyclic chain complex; this is equivalent to requiring that the chain complex is in
fact an exact sequence.

Example 9.4. Suppose now that C4 is an acyclic complex, and let f and g be the
chain maps from Example Then the composition fog: 04 — 04 is the identity
chain map of 0, (what else could it be?), so in particular it is an isomorphism.
Instead, the composition go f: C4 — C, is the zero chain map, which is not the
same as the identity of Cl,.

It would be nice, however, if it was possible to “perturb” the chain map Id¢, : Co —
C,e to the map 0: Cy — C,: we could then pretend that, up to “perturbation”, also
g o f is the identity of C,, and thus f and g are inverse isomorphisms...

The following definition gives a useful interpretation of what a “perturbation” of a
chain map could be.

Definition 9.5. Let f,g: Co — D, be chain maps. A chain homotopy from f to g
is a sequence H = (H;)icz of R-linear maps H;: C; — D, 41 such that for all i € Z
we have an equality of R-linear maps

g — fi=Hiod2 )+ (df oHi1): C; — D;.

We write H: Co — Dey1 for a chain homotopy.

We say that f and g are chain homotopic chain maps if there is a chain homotopy
between f and g. We write f ~ g.

We say that f is chain null-homotopic if there is a chain homotopy between f and
the zero map 0: Cy — D,. We write f ~ 0.

If f is chain homotopic to g, then difference g — f is a chain map that can be
written as a sum of two contributions (# o d”) and (d“ o H); in general neither
of the two summands represents a chain map on its own. The fact that both
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summands contain a differential “d”, together with the intuition that differentials
should attain “small” values, suggests that g — f should attain “small” values and
thus f is a “perturbation” of g.

I also hope that the notation H: Cy — De1 does not lead you to the (wrong) idea
that a chain homotopy # is a chain map from C, to X' D,.

Since a differential sends a chain in degree i to a chain in degree ¢ — 1, a chain
homotopy should do the opposite (increase degrees by 1), so that the composition
of the two is degree-preserving.

Example 9.6. Let C be the chain complex from Example Then we can define
a chain homotopy H: Ce — Cey1 from Idg, to 0 by declaring H;: C; — Cs to be
Idz, and all other maps H; to be zero. We have indeed Idc, = H od® +d® o H, as
can be checked degreewise (only degrees 1 and 2 are interesting).

Example 9.7. Let C, and D, be two chain complexes, and let H = (H;) be any
collection of R-linear maps H;: C; — D;11. For all i € Z define an R-linear map
fi: Ci = D; by fi = (H; o dﬁ_l) + (d? oH;—1). Then f = (f;)icz is automatically
a chain map Cy — D,. Indeed we have

dfiy o fi = diyy o (Hiody) + (df o Hion))
= (d% 0 HiodP ) + (dS, 0dS oH;q)
= dic_H oH;o dgrl
= (1 0 Hiod) + (Hipr 0 dly 0 dfy)
= ((d¥y o Hi) + (Hip1 0dl) 0 dPy
= fiy10dl,.
Moreover H is, by the very definition of f, a chain homotopy from f to 0.

The previous example shows that any collection (H;) of R-linear maps H;: C; —
D;11 can arise as a chain homotopy between two chain maps. In the following we
will often define chain homotopies on their own, just as sequences of R-linear maps,
without the need of two chain maps to compare.

Lemma 9.8. Let Cy adn D, be chain complexes, and consider the abelian group
Hom,,ch(Ce, Ds) of all (R-linear) chain maps Co — Do. Then the subset

Hom ¢y, (Ce, Do) € Hom,,cn(Ce, D)

of chain null-homotopic chain maps is in fact an abelian subgroup. In particular
“being chain homotopic chain maps” is an equivalence relation on Hom ,cn(Ce, D ),
coinciding with the equivalence relation “differing by a chain null-homotopic chain

map”.

Proof. Every chain map f: Cq — D, is chain homotopic to itself, by using H = 0:
indeed for all ¢ € Z we have f; — f; =0= (0o dﬁ_l) + (d§ 0 0).

If there is a chain homotopy H from f to g, then —H is a chain homotopy from g
to f: indeed for all i € Z we have

gi—fi=—(fi—9)=—(Hio di[jrl) + (dfj oHi—1))
= (—Hiod2) + (df o —Hi 1),

using that composition of R-linear maps is Z-bilinear.
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Finally, if there are chain homotopies H from f to g and H’ from g to I, then H+H’
is a chain homotopy from f to I: indeed for all i € Z we have

li—fi=(i—gi)+ (9 — fi)
= (HiodZ) + (df oHi—1) + (HiodZ,) + (df o Hi_y)
= ((Hi +H)) 0 dffy) + (df o (Hi1 +Hi_y)),
using again that composition of chain maps is Z-bilinear. O

How do chain homotopies and composition of chain maps interrelate?

Example 9.9. Let f,g: Coy — D, be chain maps, and let H: Cy — Dey1 be a chain
homotopy from f to g. Let moreover [: Dy — Eo be another chain map. We can
then define a chain homotopy H': Ce — Ee41 by setting H, = H;ol;11: C; — Eiy.
We then have, for all i € Z,

(gioly) = (fioli) =(g9i — fi)oli
= (Hiodly +df oMi_q) ol;
=Hiod ol +df oHiy0l;
=Hioli10dfy, +df oHi10l;
=Hjodf, +df oHi_,,

where we have used, among other things, that [ is a chain map. Hence H' is a chain
homotopy from fol to gol.

The previous example shows that if we perturb f up to homotopy and then compose
it with [, the result is a perturbation of f ol. An analogue chack can be made for
precomposition of f with a chain map. In other words, composition of chain maps
induces a well-defined composition of chain homotopy classes of chain maps.

Definition 9.10. We define a Z-linear category K (gMod) (called the homotopy
category of Ch(gMod)) as follows:

e the objects of K(grMod) are chain complexes of left R-modules;
e the abelian group of morphisms Hom g ( 104y (Ce, Ds) is the quotient group
Hom ,cp,(Ca, Do) /Hom=, (Cs, D).

R
Composition of morphisms is induced from the composition in gCh. For a chain
map f: Cy = Do we denote by [f] the corresponding morphism in K(zgMod).
We define a functor K: RCh — K(grMod), sending an object (a chain complex) to
itself, and chain map to its chain homotopy class.

Example 9.11. For all ¢ € Z there is a functor 6,: gpMod — rCh sending M to the
chain complex 0;(M), with 6;(M);, = M, and all other 6;(M); = 0. An R-linear
map f: M — N is sent to the chain map 6;(f) with 6;(f); = f, and all other maps
8;(f); are clearly the zero map.

Now, suppose that Co = 6;(M) and Dy = 0;(N) are in the image of the functor
0;. Then every chain homotopy H: Ce — Dey1 vanishes, whereas a chain map
Coe — D, is equivalent to what it does in degree i, i.e. to an R-linear map M — N.
It follows that we have bijections of abelian groups (induced by the various functors
considered)

0; K
Homp (M, N) = Hom ,cn(Ce, Ds) = Hom g (;M0d) (Ces D).



HOMALG 2021 71

In other words, both functors 6; and K o 6; are fully faithful.

The category K(gMod) is an additive category, and even more holds: the zero
object and finite products/coproducts are created by the functor K. By the word
“created” we mean that 0, is a zero object also in K(gMod), and, for instance,
(Ce ® D, [tc.]:[tD,]) is a categorical coproduct of Ce and Do in K(grMod).

Example 9.12. Suppose that C4 is a chain complex as the one of Example
i.e. such that Ide, is chain homotopic to the zero self-map of C, (it is chain null-
homotopic). Then each chain map out of Cy or into C, is chain homotopic to the
zero map. As a result, C, is a zero object in K(grMod).

Unfortunately, K(gMod) is in general not an abelian category: hence, although
considering chain maps up to chain homotopy can have its advantages, it also
comes with a price.

9.2. Chain homotopies and induced maps in homology. Recall that for all
n € Z we have a functor H,(—): rRCh — gMod. In particular, given a chain map
f: Co — D,, we obtain an R-linear map H,(f): H,(Ce) — Hy,(D,). How does
H, (f) change if we replace f by a chain homotopic map g? The following lemma
tells us that nothing changes, and in its proof we will understand how well-designed
the notion of chain homotopy of maps is.

Lemma 9.13. Let f,g: Co — D, be chain homotopic maps. Then Hy,(f) =
Hn(g9): Hn(Co) = Hn (D).

Proof. Let H: C4 — D441 be a chain homotopy from f to g. Let [x] € H,,(C,) be
a homology class, represented by a cycle € 3;(Cs). Then H,(f): [x] — [(x)fi],
whereas H,(g): [x] — [(z)g;]; on the other hand we have the following chain of
equalities in H,(D,):

[(@)gi] = [(@)fi] = [(2)g: — (@) fi] = [((2)Ho)d 1) + (@)df ) Hia]
= [((x)H:)di3, +0] =0,

where the last equality follows from ((z)H;)d2,, € B;(D,). It follows that H,(f)
and H,(g) coincide. O

Perhaps Lemma is the main motivation to consider at all the notion of chain
homotopy equivalence: if we are only interested in the behaviour of a chain map f
in homology, we can perturb f by a chain homotopy without affecting H,,(f).

Notation 9.14. We say that C is a chain null-homotopic chain complex if Idc,
is chain homotopic to the zero self-chain map of C,.

If C, is chain null-homotopic, then we also have that C, is acyclic. To see this, let
n € Z, and consider the homology group H,,(C,). We have a sequence of equalities
of R-linear self maps of H,,(C,)

Idg, ¢,y = Hn(ldc,) = H,(0) =0

where the first equality follows from H,,(—) being a functor, the second follows from
Lemma and the third follows from H, (—) being an additive functor. Hence,
the left R-module H,(C,) has the remarkable property that its identity coincides
with the zero map: this means that H,(C,) = 0.
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Example 9.15. Let R = Q[z] and consider the chain complex C, € g[;)Ch

o C3=0 — Co=Qlz] % €, = Qlz] T% ¢y = Qlu]/(x) — C_1 =0...
The complex is acyclic (it is after all the old good SES Q[z] — Q[z] — Q[z]/z). Yet
we can prove that Ide, is not chain null-homotopic. For this, let H = (H;)icz be
any chain homotopy Cs — Cey1. Then Hy: Q[z]/(z) — Qlx], which is supposed to
be a Q[z]-linear map, must be the zero map. Similarly, H_1: 0 — Q[z]/(x) is the
zero map. It follows that Hood{ +d§ oH_1 = 0+ 0 is not equal to the identity of
Co = Q[z]/(z). In a similar way, H; o dS + d{ o Ho = H1 0 dS cannot the identity
of C; = Q[z] (as d§ is not surjective).

The previous example shows that a chain complex can be acyclic and yet not be
chain null-homotopic. As a spoiler for the future, this essentially happens because
one of the Q[z]-modules occurring, namely Q[z]/(z), is not projective.

A reformulation of Lemma [0.13]is that for each n € Z the functor H,(—): gCh —
rMod can be written as a composition of two functors: the functor K: gCh —
K (rMod), followed by a functor HX(—): K(zpMod) — rMod.

9.3. Chain homotopy equivalences. We can think of a chain null-homotopic
chain complex C, as a chain complex that, even if not isomorphic to 0O,, is for
many purposes (including the homology computation) equivalent to 0. We make
this idea of equivalence precise in the following definition.

Definition 9.16. Let C, and D, be chain complexes in gpMod. A chain map
f: Cq = D4 is a chain homotopy equivalence if the morphism

[f] € HOInK(RMod) (Coa D')a
obtained by applying K to f, is an isomorphism in the category K (rMod).

Concretely, this means that there exists a chain map g: De — C, (representing a
morphism [g]: Cs — D,) such that the composite f o g is chain homotopic to the
identity of Cy (so that [f]o[g] = [f o ¢g] = [Id¢,]), and the composite g o f is chain
homotopic to the identity of De (so that, similarly, [g] o [f] = [Idp,], and thus [g]
is an inverse of [f]).

Even more concretely, f: Co — D, is a chain homotopy equivalence if there exist a
chain map g: Dy — C,, a chain homotopy H¢: Cy — Cay1 and a chain homotopy
HP. D, — D41 such that fog—1Idg, = HC 0 d€ + d€ o HC and such that
gof—1Idp, =HP odP +dP o HP.

For instance, a chain complex C, is null-homotopic if and only if the inital map
0o — C4 and the terminal map Co, — 0, are chain homotopy equivalences.

Note that if f: Ce — D, is a chain homotopy equivalence, then [f]: Co — D, is
an isomorphism in K (gMod), and for all n € Z, applying the functor HX(—), we
obtain that also the map H,(f) = HX([f]): H.(Cs) — H, (D) is an isomorphism
of R-modules.

Example 9.17. Consider the following chain map f: C¢ — D,
Oy =0 —— C1=Z —T 5 Cy=Z —— C_; =

B Jn o

D2:0*>D1:0*>D0:Z/74>D_1:0
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We can compute the homology groups of Ce and D,, and find out that the only
non-vanishing homology groups are Hy(Ce) = Ho(D,) = Z/7; moreover the map
Hy(f) is an isomorphism, and it follows that f is a quasi-isomorphism, i.e. it
induces isomorphism between all pairs of homology groups.

However f is not a chain homotopy equivalence. To see this, note that every chain
map g: Dy — C, vanishes, as in particular every Z-linear map gg: Dy — Cp must
vanish. But the zero map 0: Dy — C4 does not induce an isomorphism on Hy, and
hence it is not a quasi-isomorphism and even less a chain homotopy equivalence. It
follows that, in K (pMod), there is no isomorphism Do — C,; but then there cannot
be an isomorphism Cy — D, either, so [f] is not an isomorphism in K(zrMod), so
f is not a chain homotopy equivalence.

9.4. Mapping cylinder. Let f: Cy — D4 be an R-linear chain map of left R-chain
complexes. We can define a new left R-chain complex Cyl(f)e as follows:

e we set Cyl(f); = C; @ D; ® C;_1, where C;_; is isomorphic to C;_; as a
left R-module, and we use the notation “C” only to distinguish this direct
summand of Cyl(f); from the equal summand occurring in Cyl(f);—1;

e we set d?ylz Cyl(f)i — Cyl(f)i—1 to be the map with the following restric-
tions:

— on the summand C; we take the map diC: C; = Ci_1;
— on the summand D; we take the map diD: D; — D;_q;
— on the summand C;_; we take the map sending

S Ci—l — (— x, () fi—1, —(:Z?)dic_l) €eCi18e D10 C’i_g.

The definition of Cyl(f), may seem awkward, but this chain complex is designed
to have the following properties.

(1) We an inclusion of chain complexes ic: Co < Cyl(f)s, including C; as a
summand into Cyl(f);.
(2) We an inclusion of chain complexes ip: De < Cyl(f)s, including D; as
a summand into Cyl(f);. Composing with f, we obtain a map of chain
complexes foip: Co — Cyl(f)e.
(3) We have a chain map p: Cyl(f)e — D, defined as follows: p;: Cyl(f); — D;
restricts to f; on C;, restricts to Idp, on D;, and is the zero map on Ci_y.
(4) The composition ip o p: De — D, is the identity of D,; as a consequence,
the composition f oip o p is the chain map f.
(5) We have a chain homotopy H: Cyl(f)e — Cyl(f)et1 defined as follows:
Hi: Cyl(f)i — Cyl(f)is1 sends C; — C; by the map Idg,, and is the zero
map on the summands D; and on C;_;.
(6) H is a chain homotopy between Idcy(s), and poip. In particular p is a
chain homotopy equivalence. In the homotopy category K (zrMod we have
[p] = [ip]~1, ie. [p] is an isomorphism. Moreover [ic] o [p] = [f].
From the point of view of the homotopy category K(gMod), D, and Cyl(f)e are
isomorphic objects; from the point of view of rCh, however, there is a big difference:
ic is certainly an injective map Cy — Cyl(f)e, whereas f need not be injective. We

can now redefine the mapping cone Cone(f), as coker(Cy < Cyl(f)s). We obtain
a LES of homology groups

L Ho(C4) U9 1 (Cyl(f)e) —— H(Cone(f)s) —22 Hy_1(Ch). ..
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We can now identify each homology group H,(Cyl(f)s) with H, (D) using the
isomorphism H,(p); we thus get a LES in which the morphisms H,, (f) show up

Hn(f) Fs}

LH(C)) (DY) —— Hy(Cone(f)e) —2 Hy_1(Ch)...

Exercise 9.18. For a chain map f: Cy — D,, show the following;:

e fis a quasi-isomorphism if and only if Cone(f) is acyclic (use the homology
LES);
e fis a chain homotopy equivalence if and only if Cone(f) is null-homotopic.

9.5. Tensor product of chain complexes. Let Cy be a chain complex in Modg,
and let Doy be a chain complex in gkMod. We would like to define a new chain
complex (C ®g D)o in zMod by combining the tensor products C; ® g D;. This is
done in two steps.

In the first step we define a double complex F,,. We set £; ; = C; ®g D;. The
differential d;J-: E;; — E;_1; is given by the map of abelian groups d? ®r Idp,,
whereas the differential d;’ ;i Eij = Ejj_1 is given by the map of abelian groups
Ide, ®r df . You can check that the composition d’ o d’ vanishes, as well as d”’ od";
moreover d' and d” commute. Hence (E,.,d’,d") is a double complex (a chain
complex in chain complexes in gpMod).

Now we would like to convert a double complex of abelian groups into a single chain
complex of abelian groups.

Definition 9.19. Let (E,.,d’,d") be a double complex in ZModEl We define the
associated total chain complex, denoted (Tot(E).,d), as follows:
o Tot(E), = @, -, Fij; denote by ¢;;: E; j — Tot(E), the canonical
inclusion of the summand FE; ;, for all i + j = n;
e the differential d,: Tot(E), — Tot(E),_; is defined on the summand
Ei,nfi of TOt(E)n as Lj—1,n—i © dl’,n—i + (—1)%1"“,1‘,1 od!

7 ,n—i"

Informally, the differential of Tot(E), restricted to a summand F; ; in degree i+ j,
is written dj ; + (—1)’d};. The sign (—1)" is there to ensure that dod = 0, i.e.
we have indeed defined a chain complex (and not just a sequence of interrelated
modules).

We can apply the previous construction to the double complex constructed above.
The result is a chain complex in abelian groups (C' ®pg D),; for z @y € C; @r D;
we can write the differential d(z ® y) as

dz©y) =d'(z®y) + (~1)'d"(z©y) = (df ()) @y + (~1)'z @ ()} );

a formula like the previous is called a “Leibniz rule”, as it is similar to the for-
mula, apprently due to Leibniz, expressing the derivative of a product of functions
fg: R—=Ras L(f(z)g(z)) = (L f(z)) 9(z)+f(z) (2L g(z)). In our case the prod-
uct is replaced by the tensor product, and the derivative by the chain differential.
Moreover there is an additional sign (—1)%.

9.6. Hom of chain complexes. There is a similar construction taking as input
two chain complexes Co and D, in gCh and giving as output a chain complex in
abelian groups Hompg(C, D)s,.

270r in another abelian category admitting infinite direct sums...
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The first step creates a double complex F, , of abelian groups. We set E; ; =
Homp(C-;, Dj). The differential d; ;: E; ; — E;_1; is given by the map of abelian
groups HomR(dgiH),Dj): HOHIR(C,Z‘,DJ‘) — HOHIR(C,Z;H,DJ‘) obtained apply—
ing the contravariant functor Hompg(—, D;) to the differential d%, ;. Similarly, the
differential d ;: F; j — E; j—1 is given by the map of abelian groups Hompg(C;, dJD ).
The situation is a bit more complicated than with the tensor product, as the func-
tor Hompg(—, D;) is contravariant, so it transforms chain complexes into cochain
complexes; in order to get chain complexes again, we have to mirror the indices.
Now we use the following alternative construction to convert a double complex into
a single chain complex.

Definition 9.20. Let (E,.,d’,d") be a double complex in ZMod@ We define the
associated alternative total chain complex, denoted (Tot(E).,d), as follows:

o ﬂ(E)n = [liyj=, Eij; denote by m; ;: ﬂ(E)n — E;; the canonical
projection on the factor E; j, for all ¢ + j = n;

e the differential d,,: Tot(E), — Tot(E),_; is defined by declaring its (i, j)-
coordinates, for all i + 7 = n — 1: i.e., we determine a map d,, with target
Hi—i—j:n—l E; ; by declaring how its postcompositions m; ; o d,,, with targets
E; j, behave, for each i +j=n—1. We se@

! L 1!
Tijodn =dipq jomiv1y+ (=1)'d; ;11 0Tt

As you see, Definition [9.20] is analogue to Definition but it uses products
instead of coproducts; therefore we have to use the universal property of product
also to define the new differential, instead of the universal property of coproduct.
If we apply the construction to the double complex constructed above, we obtain a
chain complex in abelian groups Hompg(C, D),. It is instructive to do the following
exercise.

Exercise 9.21. Prove the following.

e A chain in Hompg(C, D)y is the datum of a family f = (f;)iez of R-linear
maps f;: C; = D;.

e A family f = (fi)icz of R-linear maps f;: C; — D, is a cycle (it lies in
30(Homp(C, D),)) if and only if it is a chain map f: Ce — D,.

e A chain in Hompg(C, D)o is a chain homotopy H: Co¢ — Det1, i.€. the
datum of a family H = (H;)iez of R-linear maps H;: C; — D;41.

e Saying that two chain maps f,g: Ce — D, are connected by a chain ho-
motopy H: Ce — D1 is equivalent to saying that d(H) = g — f, i.e. the
two cycles f and g differ by a boundary in 8(Homg(C, D)s)o-

e Conclude: Ho(Homp(C, D),) is isomorphic to Hom g (,mod) (Ce, De)-

Example 9.22. Suppose that De = 0y(R), i.e. Dy = R, all other D; = 0, and all
differentials of D, are zero. Then Hom(C, D), is isomorphic to the chain complex

.. .HomR(C,(Hl),R) - HOH]R(C_i,R) - HOIIlR(C,(Z;l),R) g HomR(C’,(i,g),R) PN

280r in another abelian category admitting infinite products...

2930me of you pointed out that the coefficient “(—1)%” should be replaced by “(—1)"” in the
following formula. I think that in both cases one obtains a chain complex (i.e. the double iteration
of a differential is the zero map); moreover I think that the two chain complexes obtained (by
putting “(—1)*” or “(—1)™” in the formula) should be isomorphic chain complexes.
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which is the mirror of the cochain complex obtained from C, by applying the
contravariant, additive functor Hompg(—, R). Compare with the second part of
Example [8.20

10. PROJECTIVE RESOLUTIONS

We fix a ring R and focus on the category pMod of left R-modules. We will focus
in the entire section for simplicity on projective resolutions; there is a dual notion
of injective resolution, and we will discuss it quickly at the end.

10.1. Finitely presented modules. We start this section with a discussion about
finitely presented R-modules.

Definition 10.1. Recall Subsection A left R-module M is finitely generated
if there is a finite set Iy and a surjective R-linear map go P, .; R — M, i.e. there
is an exact sequence of left R-modules

iel

@ieIORL M —— 0.

Equivalently, M is finitely generated if there is a finite subset S C M such that
Spang(S) = M.

We say that M is finitely presented if there are finite sets Iy and I; and an exact
sequence of left R-modules

@iellR LN EBZ.GIOR M — 0.

Equivalently, M is finitely presented if there exists a finite set Iy and a surjective
R-linear map go: €D, B — M such that ker(go) is a finitely generated R-module.

Clearly, if M is finitely presented, then it is also finitely generatedlﬂ We would like
now to show that if M is finitely generated, we can use any finite generating set of
M to determine whether M is also finitely presented.

Proposition 10.2. Let M be a finitely generated R-module, let Iy and I}, be finite
sets, and let go: Dy, B — M and g;: @ielé R — M be surjective R-linear maps.
Then ker(go) s finitely generated over R if and only if ker(g()) is finitely generated
over R.

Proof. By symmetry, it suffices to assume that ker(go) is finitely generated over R
and prove that ker(g() is finitely generated over R. We shorten our notation by
letting Fy = @y, R and Fj = @ielé R. We also fix a finite set I; and a surjective
R-linear map g1: I := @,;c;, B — ker(go), witnessing that ker(go) is a finitely
generated R-module.

We obtain a diagram with exact rows

F, -2 M —0

ALy AR LN V) 0

30As Kaif showed to you, if M is projective and finitely generated, then it is also finitely
presented. We will not use this fact in the present discussion.
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Now we can use that Fj is a free R-module, and in particular is projective, together
with the fact that g is surjective: there exists an R-linear map h: Fy — F{ such
that go = hog(: Fo — M. Similarly, we can find an R-linear map I: F} — Fy such
that g) =1 o go. We obtain a new diagram

-2 M ——0

!

-2 25 M 0.

Selecting either h or [, we obtain a commutative square in the last diagram; but h
and [ are not inverse of each other (so we don’t have a “commutative bigon”).

In particular, the map h restricts to a map ker(go) — ker(gy), and the map I
restricts to a map ker(gj) — ker(go).

Consider now the map Idg; —loh: Fj — Fj: we claim that it takes values in the
submodule ker(g(). Indeed, for all x € F{j, we can compute

((@)(Idpy — Lo h))gy = (x)gy — (¥)l o ho gy = (x)gy — (x)l o go = (x)go — ()gp =0

We can now define a map ¢} : Fy @ F] — ker(g() by taking the map g; o h on the
summand F, and by taking the map Idp; —loh on the summand F{. And now the
miracle occurs: the map g} hits ker(g(,) surjectively! To see this, let y € ker(gy).
Then (y)l € ker(gop), so there exists z € Fy with (2)g; = (y)I. We can then write

y=(y—Wloh)+(yloh=(y)Idg —loh)+ (2)g10h = (y,2)g;.

Since Fy @ Fj is a finitely generated free R-module, we conclude that ker(gp) is
finitely generated. The proof is completed, but let us also extend the diagram
above as follows, where rows are exact, and some squares and triangles (which
ones?) are commutative

!’
91

3 9 Fy % M 0.

The map [: F} — Fy is a choice of lift of I: Fy — ker(go) along the surjective map
g1: F1 — ker(go): this lift exists again because F{ is projective. In fact, we could
have first fixed such a lift, and then have taken z = (y)! in the argument before. O

Example 10.3. Let R =[], Q be the ring from the first multiple choice test, and
consider M = R/ @,y Q. Then M is finitely generated, in fact it is 1-generated;
but the kernel of the canonical, surjective, R-linear map R — M is P,y Q C R,
which is not finitely generated.
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Using Proposition [10.2} the conclusion is that M is not finitely presented, not even
if we replace R — M by another surjective map Fy — M from a finitely generated
free R-module.

The discussion so far is hopefully going to make you think “Oh, but this is so similar
to something we just saw before!” during the rest of the section.

10.2. Definition of projective resolution. Let M be an R-module. The first
step in presenting M is to choose a surjective R-linear map go: Fy — M from a
free R-module Fj. The second step is to choose a surjective R-linear map ¢;: Fi —
ker(gog) with source another free R-module Fj: this is however precisely the first
step of presenting the module ker(go)!

We can now complete the presentation of ker(gg), by choosing a surjective map
ga2: F» — ker(g1) with source yet a new free module F5: and again, we can continue
in this fashon forever, obtaining an exact sequence of R-modules

LRy R RNy A LI /LN V| 0...

We can now do the following somewhat artificial thing: remove M from the above
sequence, and put a 0 instead. This has the somewhat sad effect of breaking the
exactness and giving us a chain complex F, reading

Y LI ) O RN Iy LN ) P

The good news is that now M can be recovered as Hy(F,), and, most importantly,
all other homology groups H;(F,) vanish.

In some sense, removing M is a natural thing to do: also when dealing with pre-
senting M, we wanted just to find a map ¢g;: F} — Fy and then say “M can be
recovered as the cokernel of this map”. In particular, M should be the output of
the presentation, not one of the ingredients! Similarly, we are now making a “gen-
eralised presentation” of M, keeping track of all successive kernels that arise at
each step: the result is the chain complex F,, which is a “generalised presentation”
(a.k.a. free resolution) of M.

Definition 10.4. Let M be a left R-module. A projective resolution of M is a
couple (P,,€), where P, is a chain complex in left R-modules, and e: Py — M is
an R-linear map, called augmentation, such that the following hold:

for all ¢ € Z the R-module P; is projective;

“P, is concentrated in degrees > 07, i.e. P; =0 for all i < 0;

for all ¢ # 0 the homology group H;(P,) vanishes;

the composition df oe: P, — M is the zero map, and the map Hy(P,) =
coker(df’) — M induced by € is an R-linear isomorphism.

A projective resolution (P,, f) has finite length ¢ > 0 if P, # 0 and P; = 0 for all
i> /.

In the previous definition the word “projective” is emphasized: if you replace
this word by the word “flat” or “free”, you obtain the notions of flat and free
resolutions of an R-module M. There is also a notion of “injective resolution”,
but it is somewhat different and we will see it later; replacting “projective” by
“injective” in Definition would lead to a quite useless definition instead.

The length of a resolution should be thought of as a measure of how complicated
it is: the shorter the length, the happier we are.
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It is somehow common also to consider € as a surjective map Py — M such that
P, — Py — M — 0 is exact, and write a projective resolution as an exact sequence

P P P
d3 dy d; €

P, P P,

Py M 0...;

The problem with this is that it now seems that M lives in degree -1, whereas it
would be more natural to have M in degree 0. The best solution is to consider € as
giving rise to a chain map

P P P
p-5,p %, p 4, p 0
0 0 0 M 0 ,

and requiring that this chain map is a quasi-isomorphism P, — 6o(M)e (see Ex-

ample [9.11)).

Example 10.5. Let M be a projective R-module. Then a projective resolution of
M is the pair (09(M)e,Idpr), where 69(M)e € gCh is the chain complex with M
in degree 0 and zero in all other degrees:

e =>0->0—>M—0....

with augmentation Idy;: M — M. We have that Ho(6p(M),) is canonically iso-
morphic to M. This resolution has length 0.

Example 10.6. The chain complex from Example [8.10]is a free resolution of the
zero module 0 over the ring Z. Clearly, also 0, is a free resolution, and in fact it is
a simpler one.

Example 10.7. Let R = Z/6 and M = Z/3. We saw that M is projective over
R, so a projective resolution of M is given by (6g(M).,Idss) as in Example m
However this is not a free resolution of M.

A free resolution of M is, for instance, the following:

. Py=7/6 3P=7/63P,=7/63P =7/63P=7/6—>0...,

together with the augmentation Z/6 — Z/3 given by [n]¢ — [n]s. Note that the
previous is a resolution of infinite length: in fact it is a good exercise to prove that
there is no resolution of Z/3 over Z/6 whose length is finite and whose terms are
finitely generated, free Z/ 6—m0dulesm

The previous example shows that for concrete computations it can be convenient
to use generic projective resolutions, instead of only free ones. The fact that zpMod
has enough projectives implies that each R-module M admits some projective res-
olution.

Example 10.8. Let R = F be a field. Then every F-vector space is already
projective, so it admits a projective resolution of length 0.

31Hint: multiplying and dividing powers of 6, one never gets the number 3...
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Example 10.9. Let R be a PID, and let M be any R-module. Then we can
fix an R-linear surjection go: Fy — M with some free R-module as source. Then
by Theorem the R-module ker(go) C Fj is free, as it is a submodule of a
free R-module: we can call it Fy, define d;: Iy — Fy to be the inclusion, define
F; =0 for all i # 0,1 and define all differentials d;: F; — F;_1 to be the zero map,
for i #£ 1. We obtain in this way a free resolution (F,, go) of length 1 of M, where
Jo: Ho(F,) = coker(dy) — M is the isomorphism induced by g1. As a very concrete
example, for k > 2, the chain complex

P=0—— P =7 -2 P =7—30...

together with the augmentation [—|: Z — Z/k, gives a length-1 projective resolu-
tion of Z/k over Z.

The previous example implies, for instance, that also Q has a projective (in fact
free) resolution over Z of length 1; but writing down explicitly such a resolution
seems to be quite a mess!

Example 10.10. Let p be a prime number and let R = Z/p?. Let M = Z/p, and
use the map of rings R — M to make M into an R-module. A projective (in fact,
free) resolution of M is the following chain complex P,

Py =Z/p* B Py=Z7/p* 5 P=1/p* 5 P =L/p* 5 Py=ZL/p* - 0...,

together with the augmentation Z/p? — Z/p given by [n],2 — [n],. Note that this
resolution has infinite length; in fact it can be proved (and hopefully we will do it
at some point!) that in this case M admits no projective resolution over R of finite
length.

Note that the same M = Z/p, when considered as a Z-module, would admit a
projective resolution of length 1 over Z.

Example 10.11. Let R = F[z]/(z") for some field F and some n > 2, and let
M = F[z]/(z*) for some 1 < k <n — 1. Then M admits a projective (in fact free)
resolution over Flz]/(z™) given by

Py =Fz]/(2") ——— 0...,

together with the augmentation F[x]/(z")) — F[z]/(x*) given by [f(x)]zn
[f(z)]z+. Compare with Example [10.10|in the case n =2 and k = 1.
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Example 10.12. Let R = Z[z]/(2"—1) for some n > 2, and let M = Z[z]/(x—1) =
Z. Then M admits a projective (in fact free) resolution over R given by

(I4zegam™ )
_

P =Z[x]/(2™ - 1)

Ps =Z[z]/(z™ — 1
“(x—1)

Py =Z[z]/ (2™ — 1) 0...,

together with the augmentation Z[z]/(z"—1)) — Z[z]/(z—1) given by [f(2)]zn—1 —
[f(2)]z—1. Compare with Examples and

The previous example is important because Z[z]/(z™ — 1) is isomorphic to the
group ring Z[C,,], where C,, is the finite cyclic group on n elementsm The group
homology of C, is defined precisely using this ring and the corresponding Z[C,]-
module Z, as we will (hopefully) see!

10.3. Projective resolutions and R-linear maps. Suppose that (Ps,¢) is a
projective resolution of a left R-module M, and (Q.,v) is a projective resolution of
another left R-module N. Suppose moreover that f: M — N is an R-linear map.
Since we can exhibit M as Ho(P,) and N as Ho(N,), it would be great to exhibit
fas Ho( f ), for some chain map f : Py — Q.. In this subsection we prove that such
a f exists. We start by writing a diagram with exact rows

dg dz dy’

.. Py P, P Py —

M
lf
Q3 Q2 Q1 Qo —— N

And now be ready, because we will use the hypothesis that our modules P; are
projective! Since P, is projective, and since v: Qg — N is surjective, we can
find an R-linear map fo: Py — Qo such that the square in the following diagram
commutes

d3 dz dy

0.

dg dg’ dy’

.. P3 Py P P —— M 0
dg’ dz dy v
.. Q3 Q2 Q1 Qo N 0.

The map d?: Q1 — Qg is not surjective, but it is surjective when considered as
a map Q1 — ker(v). On the other hand, the map df o fo: P, — Qo has image
contained in ker(v): indeed we have an equality of maps P, — M

dfO‘fOo’U:dfoeof:OOf:O.

32Clearly Cy, is just another name of Z/n, but it would be somehow ugly to write Z[Z/k]...
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We can then use that P; is projective and find an R-linear map fl : P — Q4 such
that both squares in the following diagram commute

dg’ dy dy’

P, Py —s M
|5 |5 |#
g g v
. Q3 Q2 Q1 Qo N

Now the projective module P enters the scene: again one can check that the
composition d o fo: P, — @Q; has image in ker(d?)7 and there is a surjective map

P,

@

0.

dQQ: Q2 — ker(d?): nothing is better to ensure the existence of an R-linear map
f2: P» = Q2 such that all three squares commute

P P P
Pt ap B p B p iy 0
R A I |#

d d d 5
Qs —— Q2 —— 1 Qo N 0.

One can continue forever in this way. Using the axiom of choice, if you like, one
finds a chain map f = (fi)iez: strictly speaking, one also has to set f; = 0 for
i <0.

Exercise 10.13. Check that Hy(f) coincides with f, up to identifying Hy(P,) with
M by the map induced by €, and Hy(Q,) with N by the map induced by v.

That was great! But at each step we have chosen a map f, The amazing part is
still to come: another sequence of choices would have produced another chain map
f: Py = Q., but then f and f are automatically chain homotopy equivalent. Let’s
prove this fact. We start with a diagram with exact rows

P p B p W p ey 0
ﬁg )ﬁ ﬁg )ﬁ ﬁg )ﬁ ﬁg )ﬁ lf
Q3 e Q2 e @1 e Qo U N 0.
3 2 1

Consider the map (fo — fo): Po — Qo: it lands inside ker(v), indeed we have an
sequence of equalities of maps Py — M

(fo—fo)ov=foov—foov=e—e=0.
Again, ker(v) is hit surjectively by the map d?: @1 — ker(v); we can thus define
an R-linear map Ho: Py — @1 such that (fo —fo)=Hpo d?: Py — Q. We add

Ho to our diagram, but pay attention, because only some of the squares (and in
fact, none of the triangles) are known to commute

P p ot p W p ey 0
Ay e il b
Qs —— = Q2 ——— Q1 ——— Qo m N 0.

3 2 1

Now it is the turn of P;: we consider the map (fl — fl —dP oHy): P — Q, and
again some magic happens: this map lands inside ker(d?)! To see this, we have a
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sequence of equalities of maps P; — Qg
(fr = fi—df o Ho)od? = (f — f1) 0 d? — df oMy o df
= (fi— fi)od? —df o (fo— fo) =0,
where the last step uses that f — f is a chain map. Again, we can use the surjection
dQQ: Q2 — ker(d?) and get an R-linear map H;: P — Qo such that (f; — f; —df o
Ho) =Hy o dQQ: P; — Q1. Reassembling, we obtain the equality
fi—fi=df oMo+ Hyods.

It starts looking like something familiar, right? We can continue in the same way
constructing, one after the other, R-linear maps H;: P; — Q;+1, obtaining a dia-
gram as follows:

P

P p ot p W p ey 0
et N e e b
Q3 e Q2 e Q1 3 Qo U N 0.

We can also set H; to be the zero map for ¢ < 0. The result is a chain homotopy
H: Py — Qe41 between f and f.

10.4. Consequences of the work done. So far we have seen three important
things:
e each left R-module M admits some projective resolution P,;
e cach R-linear map f: M — N admits some lift f as a chain map between
two fixed projective resolutions P, of M and Q) of N;
e the lift f is unique up to chain homotopy.

We use these observations to define a “projective resolution functor”, with source
rMod, and with target... not quite gCh, but the slightly smaller category K (rMod).

Definition 10.14. We define a functor B: pMod — K(rMod) and a natural
transformation [¢¥]: P = Ko 6, as followslﬂ

First, we use a “powerful enough version of the axiom of choice” and choose for
every left R-module M a projective resolution B(M)e = (P(M)s, ¥ (M)) of M.
The behaviour of the functor on objects is thus defined, and also the natural trans-
formation, which is associates with every M € rpMod the chain homotopy class of
the chain map e}ﬁ: B(M)e — Og(M)s,.

Given an R-linear map f: M — N, we define B(f) to be [f]: B(M)e — B(N),
for any choice of chain map f: P(M)s — P(N)e constructed as above. The above
argument shows precisely that [f] only depends on f (and on the objects PB(M),
and B(N),, which have already been fixed), and it also shows that [¢¥] is indeed a
natural transformation.

331 replaced the old notation with this new one, where “P” recalls the first letter of the word
“projective” and later “J” recalls the first letter of the word “injective”. The old notation “£”
and “R”, inspired by the words “left” and “right”, can lead to confusion when considering left
and right derived functors in the covariant and contravariant case.
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About the “powerful enough version of the axiom of choice”: strictly speaking, this
is a true issue, since the objects of pkMod form a class, and not a set. There are
two ways out of this problem:

e cither we agree to work not with all left R-modules, but only those whose
underlying set is a subset of some big-enough-for-our-purposes set ., putting
also a bound on the cardinality of allowed R-modules, in such a way that
we can still study efficiently the allowed R-modules;

e or we define P(M) to be the brute-force free resolution: we define P(M )y =
PB,.crr B; we define 6?\3/[2 PB(M)yg — M to be the map adjoint to the
identification of sets M = M; we define P(M); = ®’rrLeker(eJ\q':I)R; we
define dFM: P(M); — ker(er,) C P(M)y as the map adjoint to the
identification of sets ker(e(ﬁ[) = ker(e}ﬁ); and for i > 2 we define recur-
sively B(M); to be the free R-module on the set ker(d?;iw), and we define
dPM (M) — ker(dP ') € PB(M);_; as the map adjoint to the identifi-
cation of sets ker(d* M) = ker(d>M). This allows us to avoid completely
the axiom of choice.

Example 10.15. Let us prove that the functor B is additive. Let therefore
f.g: M — N be two R-linear maps, and let f,g: B(M)e — P(N)e be R-linear
chain maps lifting f, g, constructed as above. Then f + g is a good example of a
chain map P(M)s — B(N), lifting f + g; we conclude that P(f +g) = [f + ] =

[f1+ 9] = B() +B(9)-

Exercise 10.16. In Definition a choice was made: for every object M €
rMod, a projective resolution of M was chosen. Suppose now that someone else
comes about and gives you another assignment M > (' (M ), (¢¥)’) of a projective
resolution for each R-module M; then you can use these data to construct a new
functor ' with a natural transformation (¢/)¥.

e construct for all M a chain homotopy equivalence Id,; : PB(M)e — B'(M),
by lifting Ida;;

e prove that the collection of maps [Idy/] for M € gMod assemble into a
natural equivalence of functors P = .

We note that the functor 8 does not “need” the entire category K(rMod): after
all only some of the objects are used, namely those chain complexes of projective
modules that are concentrated in non-negative degrees and have vanishing H; for
i > 0. We will restrict our category K(grMod) to a slightly bigger category than
required, which is convenient for many applications.

Definition 10.17. We denote by DT (zrMod) the full subcategory of K(zrMod)
spanned by objects of the form (P,,d") such that:
e each P; is a projective R-module;
e there is N > 0 such that P; =0 for all i < —N (we say that P, is bounded
below).
The category DT (gMod) is known as the bounded below derived category of (the
abelian category) gMod.

Why do we require “bounded below” instead of the condition that we actually are
using, namely “P; = 0 for i < 0”? In simple words: the shift functors X*: rkCh —
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rCh induce shift functors ¥*: K(rMod) — K(rMod), and we are happier if these
functors are available also on our subcategory D+ (gMod), even for k negative.
Why do we allow chain complexes P, having possibly several non-trivial homology
R-modules? The construction seem only to need those chain complexes with only
Hy (possibly) non-vanishing... In simple words: we are happier if for each mor-
phism [f]: Ps — Qe in DT (gMod), for each representative f of [f] the mapping
cone Cone(f) is still an object in D¥(gMod). You can easily see, using homology
LES, that allowing mapping cones quickly gives rise to chain complexes of projec-
tive modules which are bounded below, but have several non-vanishing homology
groups.

These are oversimplified explanations! If you want more, continue studying homo-
logical algebra in the future.

10.5. A glimpse into injective resolutions. One can dually define an injective
resolution of an R-module M to be a chain complex (I,) concentrated in degrees
< 0, together with a quasi-isomorphism 7 from 6o(M)s:

0 M 0 0 0 :
| A A A |

7 al dl al
0 Do -2y, T, 2, T

Since, if one has to choose, one usually prefers indices > 0 rather than indices < 0,
it is common to write an injective resolution as a cochain complex

0 M 0 0 0 :
[ A
0 PO S N B SN CR

An injective resolution of M can be constructed using that pMod has enough
injectives: one fixes an injection n: M < I° into some injective R-module I°; one
then injects coker(n) into a new injective R-module I, and calls 9 the composite
I° — coker(n) < I'; one then injects coker(6?) into a new injective R-module 12,
and calls 0} the composite I — coker(6?) < I?; and so on.

An R-linear map f: M — N gives rise to a well-defined cochain homotopy class of
cochain maps f between any fixed injective resolutions of M and N: the proof of
this is the same as in the projective case, but with all arrows reversed.

What is a cochain homotopy? Given cochain complexes C*® and D®, a cochain
homotopy H: C* — D*~ 1! is a sequence of R-linear maps (H%);cz; for two cochain
maps f,g: C* — D*® we say that H is a cochain homotopy from f to g if g — f =
dcoH+Hodp. As you see, under interpreting C*® as C_,, this is not really a new
definition.

As a result, one can also define an “injective resolution functor” J: pMod —
K(rMod), assigning to each R-module an injective resolution of it. This functor
comes equipped with a natural transformation [”]: Ko 6y = J.

Finally, one can define a bounded above derived category associated with the abelian
category gMod as the full subcategory of K(zrMod) on objects that are bounded
above chain complexes of injective R-modules.
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10.6. Left derived functors, covariant case. Let F': gRMod — gMod be an
additive functor@ We already saw that F' need not be exact. We however use
F to define new functors gkMod — sMod, which are supposed to encapsulate, all
together, how much F fails from being exact.

Definition 10.18. Let n € Z. We define the additive functor L, F': gRMod —
sMod as the composite of the additive functors

K —
aMod —2 K(pMod) <% ¢ (sMod) T2 ¢Mod.

Wait a moment: we have just seen the additive functor P: pMod — K (gMod)
(landing actually in DT (gMod), but never mind for now); last time we saw how the
functors Hy,(—): gCh — rMod factor through the homotopy category K (zMod),
giving rise to (additive) functors HX(—): K(zrMod) — grMod; but what is “K (F)”
now supposed to be?
We have already noticed that if F'is an additive functor, then it sends chain com-
plexes to chain complexes; since F' sends commuting squares to commuting squares,
then F' also sends chain maps to chain maps. So we have an induced functor
F: RCh — SCh
Now comes the new remark. If f, g: Ce — D, are chain maps and H: Cq — Dey1
is a chain homotopy from f to g, then we have, for all i € Z, the equality of maps
in RMOd
gi — fi Zd?OHz'q +’Hi0df11: C; — D;.

Applying F' we obtain the equality of maps in gMod

F(gi) = F(f;) = F(dS) o F(cH;—1) + F(H;) o F(df,,): F(C;) = F(Dy).

But this really means that F(#H) is a chain homotopy from F(f) to F(g), which
are chain maps between the chain complexes (F(C,), F(d°)) — (F(D,), F(dP)).
The result is that an additive functor F' maps chain homotopic chain maps to chain
homotopic chain maps, and thus induces a functor K(F): K(gMod) — K(sMod).

Example 10.19. For n < 0 the functor L, F' is the zero functor: indeed for all

R-module M we have that (M), is concentrated in non-negative degrees, hence
the same holds for F(P(M).) (which is the same as the object K(F)(B(M),)).

Example 10.20. Let M be a projective R-module. Then 6y(M), is a projective
resolution of M, and we can suppose by Exercise that P(M)e = 0p(M), is
just M concentrated in degree 0. Applying F' we obtain 0y(F(M)),., i.e. F(M)
concentrated in degree 0. Applying HX(—) we obtain either F(M) (if n = 0), or 0
(if n # 0).

That is, L,F(M) =0 for n # 0, and LoF(M) & F(M).

Example 10.21. Let F' be an exact functor. An exact functor has the following
property: if C, is a chain complex, then F(C,) is also a chain complex (so far
F additive would suffice), and moreover H,, (F(C,)) is canonically isomorphic to
F(H,(C,)). In fact F also sends kernels to kernels, images to images, cokernels to
cokernels...

34you can replace the target by any abelian category, and the source by any abelian category
with enough projectives
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Now we have, for all n € Z,
L, F(M) = Hy (K(F)(B(M)a)) = H,(F(B(M)a))
= F(Hn(PB(M)s)) = F(Hp(6o(M)s)),
and the last term is isomorphic to M for n = 0, and vanishes for n # 0.

Example 10.22. Suppose that F': pMod — gMod is right exact. Then for all
M € rMod the sequence

praes) K3
is exact. Applying I’ we obtain that the sequence

F(dqj(M)) F(E‘ﬁ)
F(PM)) = ~F(BM)) =" F(M)—0

is also exact. Removing F'(M), we obtain the last chunk of the complex F'(P(M),) =
K(F)(B(M).), reading
F(dy )

F(PB(M)1) F(P(M)o) =0
and we can compute LoF (M) & coker(F(d?(M))) ~ F(M).
Nice! The functor LgF' just coincides with the old functor F'! The functors L, F
for n > 0 will then measure how much F' fails from being left exact.

The previous example is the reason why, usually, one defines the left derived functors
L, F only under the additional assumption that F' is right exact: in principle one
can give the definition without this extra assumption, but in practice, if F' is not
right exact, the sequence of functors LoF,IL; F,... does not seem to be strongly
related to the original functor F.

10.7. Right derived functors, covariant case. In an analogous way one can
define right derived functor, by using injective resolution instead of projective res-
olutions. Let I': gRMod — ¢Mod be an additive functor.

Definition 10.23. Let n € Z. We define the additive functor R, F': gkMod —
sMod as the composite of the additive functors
HE (-
aMod —2 K(pMod) <% f¢(sMod) T2 ¢Mod.
We also use the notation R"F = R_, F', which is very useful when working in
cohomological notation.

The only difference is that we now use 7, i.e. the functor given by injective resolu-
tions, instead of B. The first consequence is that R, F' vanishes for n > 0 (whereas
L, F' vanishes for n < 0): for this reason one usually writes R™"F for R, F'.
Again, we have the following:

e if M is injective, then RoF (M) = F(M) and R, F(M) = 0 for all n # 0;

e if F' is exact, then Ry F' is naturally isomorphic to F, and R, F is the zero

functor for all n # 0;
e if F' is left exact, then Ry F is naturally isomorphic to F'.

We will deal after Christmas with left and right derived contravariant functors (and
it will be fun to distinguish what is left from what is right).
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11. DERIVED CONTRAVARIANT FUNCTORS, TOR AND EXT

We saw how to define, for an additive functor F': gpMod — gMod and for all n € Z,
the two additive functors L, F' and R, F': gRMod — ¢Mod. There were mainly three
ideas involved.

e An additive functor F': gpMod — gMod induces a functor F": rCh —
sCh, sending the chain complex C4 of left R-modules to the chain com-
plex F(C,) of left S-modules, and sending the chain map f: Co — Di,,
represented schematically by

dsy d¢
Ciy1 — C; *>CZ 1 — Ci_g.

lf1+1 lfz lfl lfF
d> dP

i+1
erI*}D 4>D’L 14>D12

to the chain map F(f): F(Cs) — F(D,), represented schematically by

F(dic+1) F(d?) F(d?—l)
—

- F(Cit1) F(Cy) F(Ci-1)

F(Cis)...
lFsz) ) lF(mF(dD) lF(sz ) lF(M)

F(df4) :
. F(Dj1) — F(D;) —= F(D;_1) ——= F(D;_s)...

Moreover, F©" sends chain homotopic chain maps to chain homotopic chain
maps: indeed a chain homotopy H between f,g: Coy — D,, represented
schematically by

dg d¢, d° de | ds ,

i+2 i+1 i —
— Ciq1 Ci Ci—1 Ci—a

Difl Di72

D D D
d; d;i_ dis

is sent by F' to the chain homotopy F'(H) between F(f) and F'(g), repre-
sented schematically by

F(df,5) F(df ) F(d) F(d{,) F(dfy)

F(Cit1) F(C;) —— F(Ci—1) ———— F(Ci_»)

(9i+1)| | F(fit1) F(gi)| |F(fi) F(gi-1)| |F(fi-1) F(gi—2)| |F(fi-2)

F(Hs) F(Hi 1) F(Hi_2)

F(Hit1)

F(d ) F(Div) F(df ) F(D:) F(d) F(Diz) F(dy) F(Dize) F(d} )

We obtain therefore an induced functor K(F): K(gMod) — K(sMod),
which is still an additive functor (between additive categories).
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e There are functors B, T: pMod — K(gMod): the functor 3 takes as input
a left R-module M and gives a projective resolution B (M), of M; the func-
tor J gives an injective resolution, which we treat either as a chain complex
concentrated in non-positive degrees, or as a cochain complex concentrated
in non-negative degrees. In both cases an R-linear map f: M — N is sent
to the homotopy class of a lift of f to a chain map between the resolutions
of M and N. The functors B and J are additive. Their definition in-
volves a choice (how to resolve each module), but up to a canonical natural
isomorphism both functors are intrinsecally defined.

e There is an additive functor HX: K(sMod) — sMod, sending a chain
complex to its n'" homology group, and a chain homotopy class of chain
maps to the induced map in homology.

We then defined L, F = HX o K(F) o} and R,,F = HX o K(F) o3, which are
compositions of additive functors, hence additive functors.

Concretely, it is often already quite interesting just to determine, for an object
M € grMod, the isomorphism type of the S-module L,, F (M), respectively R, F'(M):
in this case it suffices to choose any projective, respectively injective, resolution of
M, then apply the functor F' and thus obtain a new chain complex, and finally
compute the n'" homology grouﬂ

Example 11.1. Cousider the functor F = —®z7Z/3: zMod — zMod, and consider
the Z-modules My = Z, My = Z/4 and M3 = Z/6. We want to compute, for all
n € Z and for i = 1,2, 3, the Z-modules L, F'(M;).

A projective resolution of My is given by -+ - 0 — 0 — Z — 0..., with Z in
degree 0. Applying F' we obtain the chain complex --- -0 —0— Z/3 = 0...,
with Z/3 in degree 0. All homology groups of the latter complex vanish, except Hy,
which is isomorphic to Z/3. Hence LoF(Z) = Z/3, and L, F(Z) = 0 for all n # 0.
A projective resolution of M, is given by --+ — 0 — Z A7 0..., with Z in

degrees 0 and 1. Applying F' we obtain the chain complex --- — 0 — Z/3 A Z/3 —
0..., with Z/3 in degrees 0 and 1. Multiplication by 4 induces an isomorphism

Z/3 5 7/3, and therefore all homology groups of the latter chain complex vanish.
Hence L, F(Z/4) 20 for all n € Z.

A projective resolution of M, is given by --- — 0 — Z 2z 0..., with Z in

degrees 0 and 1. Applying F' we obtain the chain complex --- — 0 — Z/3 &
Z/3 — 0..., with Z/3 in degrees 0 and 1. Multiplication by 6 induces the zero
map Z/3 — Z/3. Since all differentials in the last chain complex are the zero
map, all homology groups coincide with the corresponding chain groups. Hence
L,F(Z/6) =0 for all n # 0,1, and both LoF(Z/6) and LoF(Z/6) are isomorphic
to Z/3.

We note that in all three cases of Example there is an isomorphism Lo F(M;) &
F(M;): this is no surprise, as the functor F' considered there is a right exact functor

(see Example [10.22)).

Example 11.2. Let F, M;, M, and Ms be as in Example 1.1 We want to
compute, for all n € Z and for i = 1, 2,3, the Z-modules R"F(M,).

357¢ you consider an injective resolution as giving rise to a cochain complex, then you will write
R~"F for the functor R, F' and compute the —nt? cohomology group. Do not forget that a minus
sign has to be adjoined every time you change the position up/down of the indices!
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An injective resolution of M; is given by ...0 - Q - Q/Z — 0 — ..., with Q
in cohomological degree 0 and Q/Z in cohomological degree 1 (i.e. in homological
degree —1). Applying F' we obtain the zero cochain complex ...0 -0 —0— 0 —
.... To see this, recall that for a Z-module N we have in general that N ®z Z/3 is
isomorphic to the quotient N/3N, where 3N is the submodule of multiples of 3 in
N. Since both Q and Q/Z are divisible, we have Q ®7 Z/3 = Q/Z @7 Z/3 = 0. Tt
thus follows that R"F(Z) 2 0 for all n € Z.

Clearly, the previous argument works also for My and M3, and in fact for any other
Z-module M: any injective resolution I*® of M consists of injective Z-modules I?,
and we saw that a Z-module is injective if and only if it is divisible; however, if
each I' is divisible (and in particular if it is 3-divisible, i.e. each z € I' can be
written as 3 - y for some y € I'), then we also have I' @7 Z/3 = 0 for all i € Z. It
follows that for all n € Z the group R™F(M) vanishes, as it coincides with the n'h
cohomology group of the 0 cochain complex.

In other words, for all n € Z the functor R™F': zMod — zMod is the zero functor.

In principle, we want to use left and right derived functors IL,, F' and R™ F" in order to
understand better the functor F itself; in practice, there is no guarantee that these
derived functors shed any light, and Example [I1.2]shows in fact that it doesn’t quit
help to right derive the functor — ®z Z/3. In fact, it is common to consider right
derived functor of a left exact functor, and left derived functors of a right exact
functor: in this case there is a direct connection between F and the 0" derived
functor, and as we will see, this connection “propagates” to the other derived
functors, derived on the side where F' is not exact.

It can be interesting to note also the following, regarding which hypotheses are used
in which part of the construction:

e to define the homotopy category K (C) one only needs C to be an additive
categorym one then has a notion of chain complex and of chain homo-
topy; correspondingly, any additive functor F': C — D between additive
categories gives rise to an additive functor K (F): K(C) — K(D);

e to define homology groups H,,(C,) of a chain complex in C, one needs C to
be an abelian category;

e to define the functor 3 one needs to work with an abelian category with
enough projectives; whereas for J one needs an abelian category with
enough injectives.

In conclusion, if C is an abelian category with enough projectives (respectively,
enough injectives), D is an abelian category, and F': C — D is an additive functor,
one can define left (respectively right) derived functors L, F' (respectively R*F’) for
all n € Z.

11.1. Contravariant derived functors. If F': pMod”® — gMod is an additive
covariant functor, we have defined the composition HX o K(F) o B to be the
“n't Jeft derived functor”. What is the meaning of the word “left”? The tradi-
tional convention is to write exact sequences and chain/cochain complexes with
maps/differentials going from left to right. This has the effect that, if M € gpMod,
then K (F) o B(M) looks like

L F(P(M)2) —— FP(M)1) —— F(E(M)g) — ...

36Actually7 even Z-linear suffices!
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i.e. it is a chain complex of left S-modules concentrated in non-negative degrees;
referring to the diagram, it is concentrated on the left half-line of degree starting
at the degree 0. This is the reason why we call HX o K (F) o5 the “n'! left derived
functor”. One may object that a more meaningful and intrinsic terminology could
be something like “nt" projectively derived functor”; the problem is that, when
working with contravariant functors, one has to recall that a projective object in
an abelian category C is really an injective object of C°P, and a new source of
confusion can arise. It is then better, or at least tradition, to fix a convention
(“arrows of complexes are always drawn from left to right”) and work with such a
convention. Note that in fact we already used this convention when defining what
a “right exact” or “left exact” functor is; for our purposes, it will only be important
that we use twice the same convention.
Consider now an additive, contravariant functor F': gkMod®? — ¢Mod and let n €
Z. We have an induced functor K (F') between homotopy categories, but in this
case K(F): K(gMod)?? — K(sMod) is a contravariant functor as well, and thus
it transforms chain complexes into cochain complexeﬂ
For n € Z we can then define LL,, F' as the composition of additive functors
P K

Mod” 275 K(xMod)? X% K(sMod) 2 ¢Mod
Why do we use now injective resolutions instead of projective ones (as in the co-
variant case) to define a left derived functor? Our convention should be that, after
resolving a left R-module M and applying F' to the resolution, we obtain a chain
complex concentrated in non-negative degrees (left half-linea of degrees). This is
exactly what happens with this definition: given M, we first obtain a cochain
complex

0 —— I(M)° —— I(M) —— T(M)? —— ...,
and then, applying F', we transform the previous into a chain complex
. —— F(O(M)?) —— F(I(M)') —— F(I(M)*) ——0....

Notice that the last chain complex, i.e. the one obtained after applying F, is
concentrated in non-negative degrees. It follows that IL,,F' is the zero functor for
n < 0, exactly as in the covariant case.

In a similar way, for F' contravariant and n € Z, we define R, F' as the composition

op K(F HE
AMod” 27 K (pMod)r KL K (sMod) s gMod.

As in the covariant case, we have that R, I is the zero functor for n > 0; it is then
common to write R"F for R_,, F', in order to use positive indices when describing
interesting things.

Example 11.3. Let M be a projective R-module. As in Example Oo(M),
is a projective resolution of M, and we may assume B(M), = 09(M),. Applying
F we obtain 0y(F(M))s. Applying HE () we obtain either F(M) (if n = 0), or 0
(if n # 0). That is, R, F(M) =0 for n # 0, and RoF (M) = M.

3T1¢ you want to avoid the use of cochain complexes, here the crucial remark we will need
is that a contravariant functor transforms chain complexes concentrated in non-negative degrees
into chain complexes concentrated in non-positive degrees
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Example 11.4. Let F' be an exact contravariant functor: F' is assumed to send
exact sequences to exact sequence, where directions of arrows are changed: more
precisely, an exact contravariant functor from pMod to gMod is an exact covariant
functor from the abelian category pMod®? to the category sMod.

A contravariant exact functor has the following property: if C4 is a chain complex,
then F'(C,) is also a chain complex (so far F' additive would suffice), and moreover
H, (F(C,)) is canonically isomorphic to F(H_,(C,)). In fact F' also sends kernels
to cokernels, images to images, cokernels to kernels (in the categorical sense). Now
we have, for all n € Z,

Lo F(M) = H,f (K(F)(3(M)a)) = Ho(F(3(M)a))
= F(H n(3(M)s)) = F(H_p(00(M)s)),

and the last term is isomorphic to F(M) for n = 0, and vanishes for n # 0.

Example 11.5. Suppose that F'is a left ezact contravariant functor from pMod
to sMod. Then for all M € gkMod the sequence
FLIC

P
PM)1 "= P(M)o = M —0
is exact. Applying F' we obtain that the sequence

0 7O "D Fepane) D Fep)

is also exact. Removing F'(M), we obtain the first chunk of the cochain complex
F(R(M)a) = K(F)(B(M),), reading

M
F(di; )

0= F(P(M)o) F(P(M),)

and we can compute RoF (M) ker(F(d?}(M))) ~ F(M).

Nice! The functor RgF just coincides with the old functor F! The functors R, F
for n < 0 will then measure how much F' fails from being right exact. It is common
to use non-negative indices and thus to say that RYF is naturally isomorphic to F,
and that the functors R™F measure how much F fails from being right exact.

The following example is an adaptation of Example

Example 11.6. Consider the functor F' = Homy(—;Z/3) as a contravariant, addi-
tive functor from zMod to zMod, and consider the Z-modules M; = Z, My = 7Z/4
and M3 = Z/6. We want to compute, for all n € Z (but in fact, for n > 0) and for
i =1,2,3, the Z-modules R"F(}M;).

A projective resolution of My is given by -+ - 0 — 0 — Z — 0..., with Z in
degree 0. Applying F' we obtain the chain complex ...0 - Z/3 -0 — 0 — ...,
with Z/3 in degree 0. All homology groups of the latter complex vanish, except Hy,
which is isomorphic to Z/3. Hence ROF(Z) = RoF(Z) = Z/3, and R"F(Z) = 0 for
all n # 0.

A projective resolution of My is given by -+ — 0 — Z 37> 0..., with Z in

degrees 0 and 1. Applying F' we obtain the chain complex ...0 — Z/3 A 7/3 —
0 — ..., with Z/3 in degrees 0 and -1. Multiplication by 4 induces an isomorphism

Z/3 5z /3, and therefore all homology groups of the latter chain complex vanish.
Hence R"F(Z/4) = 0 for all n € Z.



HOMALG 2021 93

A projective resolution of Ms is given by -+ = 0 — Z L7z 0..., with Z

in degrees 0 and 1. Applying F' we obtain the chain complex ...0 — Z/3 8
Z/3 - 0 — ..., with Z/3 in degrees 0 and -1. Multiplication by 6 induces the
zero map Z/3 — Z/3. Since all differentials in the last chain complex are the zero
map, all homology groups coincide with the corresponding chain groups. Hence
R"F(Z/6) = R_,,(Z/6) =0 for all n # 0,1, and both R'F(Z/6) and R°F(Z/6) are
isomorphic to Z/3.

We note that the fact that F' = Homy(—;7Z/3) is a left exact, contravariant functor

immediately predicts that, in all three cases, we have isomorphisms RCF(M;) =

11.2. The horseshoe lemma and the LES of derived functors. If M’ —
M — M" is a SES in gMod and F': gpMod — sMod is a (for simplicity) covariant,
additive functor, then in general F(M') — F(M) — F(M") is not a SES. If
however F is right exact, then two things simultaneously happen:

e by definition, F'(M') — F(M) — F(M") — 0 is exact;

e by Example the functor F' coincides with the left derived functor

LoF.

We can then apply LoF to the SES M’ — M — M" and obtain an exact sequence
LoF(M') = LoF(M) — LoF(M") — 0. In general the map LoF'(M') — LoF (M)
is not injective; however there is a natural, surjective map onto the kernel of
LoF(M') — LoF (M) with source... LiF(M")! We will prove this and a more
general statement in this subsection. The upshot will be that when F is right ex-
act, it is convenient to consider F' as Lo F', and then to consider Lo F' as one of the
functors L, F' for varying n: each single functor L, F' is in general not exact, but
all together these functors give rise to a mild form of exactness, which is anyway
useful for applicationﬂ

Lemma 11.7. Let M’ = M 5 M" be a SES in gpMod (or in an abelian category
with enough projectives), and fix projective resolutions (P,,€') of M’ and (P),€")
of M". Then there exists a projective resolution (Ps,€) of M fitting into a diagram
of left R-modules as follows, in which each row is exact, each column is a SES, and
each square commutes:

[ S SN N ANV 0
bbb b ]
dat da¥ ar
P —25 P P Ly Py —— M 0
J{;ﬁs J{;ﬁz J{ﬁl J{ﬁo J{p l
P// d§ P// d§ P// d{) P// €’ M// 0
3 2 1 0

We will see the proof of Lemma in the next lecture.

The chain maps 7 and p make P, - P, % P! into a SES of chain complexes; most
importantly, for all ¢ € Z, we have a SES of left R-modules P/ — P, — P/’; since
P! is a projective left R-module, the SES P/ — P, — P/’ is split El

38and is anyway the best available on the market, so we should be content with it!

39Here7 as usual, we consider projective resolutions as deleted exact sequences, so that, for
instance, P, is 0 and not M’ in degree -1; thus this statement is obvious for i < 0
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We can assume that our functor P3: gkMod — K(gMod) sends M’, M, M" precisely
to P, P,, P,. We can then apply K(F'), where F is our additive functor fixed at the
beginning of the subsection, and land in K(sMod). And now the miracle occurs:
in spite of the fact that K (F) is additive but possibly not exact (and in spite of the
fact that the categories K(grMod) and K(sMod) are not even abelian categories,
but only additive categories), the chain complexes F(P,), F(P,) and F(P,) fit into

a SES in the abelian category sCh, namely F(P}) ) F(P,) @) F(P)): to check
this, we have to check that we have a SES of left S-modules in each degree, and
this is true because, since P/ — P; — P/’ is a split SES in gpMod, we also have
F(P!) — F(P;) — F(P/") is a (split) SES in ¢Mod.

We can now apply the functors HX with target sMod, and obtain all evaluations of
left derived functors L, F' at M’, M and M". But now the snake lemma applies and
tells us that the left S-modules L, F(M’), L, F(M) and L, F(M") fit all together
into a long exact sequence. This creates an unexpected connection between different
left derived functors (but in fact already the snake lemma creates a connection

between homology groups in different degrees).

We remark that P, % P, 2 P! from the horseshoe lemma is in general not a split

SES in the abelian category rCh: even if there is no difficulty in finding degreewise
a section P/’ — P;, it is not always possible to choose these sections so that they
give a chain map P) — P,.

We summarise the previous discussion in the following two theorems, in which we
also put the generalisation to contravariant functors and/or left exact functors.

Theorem 11.8. Let M’ 5 M 5 M" be a SES in gkMod, and let F be a co-
variant additive functor from gMod to sMod; then there are natural S-linear maps
0L L, F(M") — Ly, 1 F(M') and 0% : R"F(M") — R"T1F(M') giving rise to long
ezact sequences of left S-modules

L .
2 L ry 29 ey 2P L e

Ch

LoF(M") =% Lor(r) 2% Lor(M”) = 0

O/ 0
0= ROF(M') = ROp () £ ROp (A1)

g
R'(3) (

1
R'F(M') R'F(M) 24 RIF(M")

0z
R o2

2/ 2
RZF(M') — D 2Ry 29 R2p(my 2y
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If F is right exact, the first sequence ends with Ly F(M") — F(M') — F(M) —
F(M") — 0; If F is left exact, the second sequence begins with 0 — F(M') —
F(M) — F(M") — R'F(M).

Theorem 11.9. Let M’ = M 5 M" be a SES in gMod, and let F be a con-
travariant additive functor from pMod to sMod; then there are natural S-linear
maps O%: L, F(M') — L,_1F(M") and 0% : R"F(M') — R" "L F(M") giving rise
to long exact sequences of left S-modules

% i L2(p) L2 () ,
oo — = LoF(M") —=5 LoF(M) ———— Loy F(M')

05

L1(p)

L, F(M") 22 1, p(ar) 220

L, F(M’)

i

LoF(M") 2% Lor(r) 229 Lorr) = o

0 0] i
0 - ROF(M") 2P ropar) B9 rop(ar)

oz

1 1/
0 gipar) 29 ripar)

RlF(M”)

2 2 i 82
REF(M") — P repry 29 r2porry %

If F is right exact, the first sequence ends with Ly F(M') = F(M") — F(M) —
F(M') — 0; If F is left exact, the second sequence begins with 0 — F(M") —
F(M)— F(M') = RF(M").

Note that Theorem reduces to Theorem after replacing the SES M’ EN
M 5 M” in gkMod by the SES M" MY M in the abelian category pModP.

Exercise 11.10. Formulate and prove the version of the horseshoe lemma which
uses injective resolutions instead of projective resolutions, getting a horseshoe ori-

ented as “C”. This version of the lemma is needed in proving the parts of Theorems
and [I1.9] dealing with right derived functors.

11.3. Tor. Let R be a ring. For a right R-module M we saw that the functor
M ®g —: gMod — zMod is right exact.

Definition 11.11. For n € Z we define Tor2 (M, —): gkMod — zMod to be the n*"
left derived functor L,,(M ®p —).

The name “Tor” is an abbreviation of the word “torsion”, and we will see next time
the explanation of this name.

Example 11.12. Let F be a field, let R = F|x,y], and consider M = Flz, y]/(x)
and N = F[z,y]/(y) as R-modules. We want to compute Tor (M, N) for all n.
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A projective resolution of N over R is given by ...0 — Flz,y] XA Flz,y] = 0....
Applying the functor M ®p —, we obtain the chain complex ...0 — F[z,y]/z 4
Flz,y]/z — 0.... Computing homology, we obtain that Toré%(M, N) =Flz,y]/(z,y) =
M®gN, whereas Tor®(M, N) vanishes, since the map -y is injective from F[z, y] /()

to itself.

One can also consider a left R-module M and the associated right exact functor
— ®r M : MOdR — zMod.

Definition 11.13. For n € Z we define Tbrf’(—,M): Modgr — zMod to be the
n'™ left derived functor L,,(— ®x M).

The notation “Tor” is non-standard, and we will soon get rid of it: we will in fact
prove the following theorem.

Theorem 11.14. For all M € Modg and N € gMod and for allmn € Z there is an
isomorphism of abelian groups Tor® (M, N) = Tbrf(M, N) which is natural both
in M and in N.

11.4. Ext. Let R be a ring. For a left R-module N we saw that the functor
Homp(—, N): gMod” — zMod is contravariant and left exact.

Definition 11.15. For n € Z we define Extly(—, N): gRMod”” — zMod to be the
right derived functor R"(Hompg(—, N)).

The name “Ext” is an abbreviation of the word “extension”, and we will see next
time the explanation of this name.

Example 11.16. Let F be a field, let R = Flx,y|, and consider M = Flz,y]/(z)

and N = F[z,y]/(y) as R-modules. We want to compute Ext’s (M, N) for all n.

A projective resolution of N over R is given by ...0 — Flz,y] % Flz,y] = 0. ..,
with non-vanishing terms in degrees 0 and 1. Applying the contravariant functor
Homp(—, N), we obtain the chain complex ...0 — F[z,y]/z % Flz,y]/z = 0...,
with non-vanishing terms in degrees 0 and —1. Hence we already expect only
Ext% (M, N) and Extk(M,N) = L_;(Homg(—, N))(M) possibly not to vanish.
Computing homology, we obtain that Ext (M, N) = F[z, y]/(z, y), whereas Ext% (M, N)
vanishes, since the map -y is injective from F[z, y]/(z) to itself. Note that Ext% (M, N) =
0 = Hompg (M, N), as it should be.

One can also consider a left R-module M and the left exact, covariant functor
HomR(M, 7): RMOd — zMod.

Definition 11.17. For n € Z we define ES{tZ(M, —): rRMod — zMod to be the
functor R"(Homp (M, —)).

The notation “Ext” is non-standard, and we will soon get rid of it: we will in fact
prove the following theorem.

Theorem 11.18. For all M, N € QMod and for all n € Z there is an isomorphism
of abelian groups Ext’s(M, N) = Exty(M, N) which is natural both in M and in
N.

The meaning of the emphasized naturality statements in Theorems [T1.14] and [TT.1§]
will be also explained in the future.
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12. PROOF OF HORSESHOE LEMMA, EXAMPLES OF TOR AND EXT

12.1. Proof of Lemma|[11.7} First, note that if the statement holds, then for each
n > 0 we have a SES P, — P, — P/ which must be split since P,/ is projective.
It is therefore no harm defining P, := P, @ P”, and setting i,,: P, — P! & P! and
Dn: Pl @& P/ — P! to be the natural inclusion and projection.

We work recursively, and start from the diagram

ar’

P’ P’
d3 d2

P P} P P, —< M 0
Bl
PioPl - M —— 0 —— ...
o]
G opy L pr N pr 0

1"
P3

Our first aim is to define a surjective R-linear map e: Py = P{®P; — M making the
previous diagram commute. We let e p; =10 ¢/, which is in fact a forced assignment
if we want the top square to commute. We then use that P} is projective and lift
the map €¢”: Py — M" along the surjective map p: M — M": we declare the
resulting map to be ¢ py- By this assignment we obtain a commutative diagram
whose columns are SESs

P, —< M

bl
PloPy —— M
b
Pé/ e” M/l
And now we use a nice trick: we add zeroes on left and right in order to obtain a
SES of chain complexe@

0 0 0 P, —< 5 M 0...
[
0 0 0 PlaPl —< M ——0...
I T
0 0 0 Pl —< s M 0...

The snake lemma provides a long exact sequence of homology groups. In particular
we obtain an exact sequence

0 —— ker(¢’) ——— ker(e) ——— ker(€”)

coker(e¢') —— coker(e) —— coker(e’) —— 0,

40These chain complexes have very little to do with the projective resolutions we starter with,
but still more than nothing
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by neglecting all homology groups that are utterly zero. We now recall that ¢’ and
¢’ are surjective, hence coker(e’) = coker(¢”) = 0; it follows by exactness that also
coker(e) = 0, i.e. € is automatically surjective (this is one of the things we wanted
to check). Moreover the above LES reduces to a SES ker(e’) — ker(e) — ker(e”).
The next step is to find a map df’ making the following diagram commute

ar’

P’ P’
d3 dy

Pl P} P P, —< M 0
Bk b
/ /! df / /! €
Pl & P - »y Py ® P} M 0
lﬁ o]
Pé/ d§ PQN dg Plll df POII e” M// 0

with the additional requirement that the image of df” is ker(e). We define df’|p; =
d¥’ oy and we lift df”: P/’ — ker(¢”) along the surjective map ker(e) — ker(¢”)
to obtain a map P’ — ker(e), that we declare to be df’|p;r. We then consider the
SES of chain complexes

ar’
P : ker(¢/) —— 0...

P @& P/’ —— ker(e) —— 0...

| |5

P ker(¢”) — 0...

O O4—— O
OO <— O
OO <— O

pl
dl

and from the corresponding LES of homology groups we deduce, similarly as above,
that db — ker(e) is surjective, and that there is a SES ker(dY’) — ker(d) —
ker(df ”). We continue constructing all differentials dZ in this way: at each step
we guarantee that all squares commute, and each d is constructed so as to have
image contained in (and in fact coinciding with) ker(d?_,).

Note that the first diagram in the proof of Lemma has a shape “0” that
reminds the shape of a horseshoe.

12.2. Naturality of Tor and Ext in the fixed module. Let R be a ring, let
M and M’ be right R-modules, and let f: M — M’ be an R-linear map. We want
use f to compare, for all n € Z, the functors TorZ(M, —) and Tor®(M’, —): both
are functors gkMod — zMod.

Let N be a left R-module. To compute Tori‘?(M7 N) and Torf(M’,N), we first
need (in both cases) to replace N € grMod by the projective resolution B(NV),,
which is a chain complexEl

The next step is to apply the functors M ® g — and M’ ® g — to the chain complex
PB(N)s, obtaining chain complexes of abelian groups M Qg PB(N)e and M’ @p
PB(N)e. The complex MRrP(N)e has MRrP(N); in degree i, and the differentials
are given by tensoring the differentials of R(N), with the identity of M; similarly

4 echnically, we consider (NN )e as an object in the homotopy category K (rMod)
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for the complex M’ @p PB(N).. We can now use the R-linear map f: M — M’ to
define a chain map f ®g Idyp(n),: the chain map is given schematically by

.Id1W®qusg M@Rm( ) IdM®Rd3 M®Rq3( ) IdM®Rd3 M@R‘B( ) Idlvl@Rd] M@Rm( ) IdM®Rd3 0

J/f®Rqu3(N)3 lf@}?ldm(zv)z lf@ﬁldm(ml J/f@RId‘p(N)O
Id,, ®rd} Id,, ®prdy Id, @ rdY Id, ®@rd¥ Id s Qrdy
M @R P(N)g P M @ PN ) P MY @ PN LM @ BNy L 0.
We only consider the chain homotopy class of f ®g Idg(n),. We can now compute

n'" homology, obtaining two abelian groups Tor (M, N) and Tor®(M’, N); but we
also have a Z-linear map between them, which we can denote by
TorZ(f, N): Tor?(M, N) — Tor® (M’ N);
this is the map induced in homology by the chain map f ®g Idy(n),. For varying
N, the maps Tor (f, N) assemble into a natural transformation

Tor®(f,—): Tor®(M, —) = TorZ(M’, ).

What we saw above is a particular example of a more general principle. Suppose
that F' and F’ are additive functors gpMod — gModEL and suppose that ¢ is a
natural transformation ¢: F' = F’. Then we can define a natural transformation
Lp¢: L,F = L,F’ as follows: given N € gMod we apply F' and F’ to the chain
complex PB(N),, and we use ¢ to define a chain map as follows:

F(d}) F(dY) F(dY) F(dY) F(dy)
.= F(P(N)3) —> F(P(N)2) —> F(P(N)1) —> F(P(N)g) —> 0
Pp(N)3 l%um l@mwn Pp(N)o
F(dF) F'(d¥) F’(d‘“) dF) F'(d¥F)
— F'(P(N)3) — )2) — — F'(B(N)o) —= 0.

We only consider the homotopy class of the chain map (bqg( N).- Applying the
functor HX | we obtain a map L,¢n: L,F(N) — LyF'(N), and the maps L, ¢y,
for varying N, assemble into a natural transformation LL,,¢ as above.

Exercise 12.1. Suppose that f: M — M’ and g: M’ — M" are R-linear maps
between right R-modules.

Prove that the composite natural transformation Tor’ (f, —) o Tor% (g, —) coincides
with Tor?(f o g, ) Hint: this check has to be made objectwise, so fix N € gMod
and check that Tor’(f, N) o TorX ( , N) coincides with Tor(f o g, N), as maps of
abelian groups Tor (M, N) — Tor(M", N).

If now M, M’ € gpMod are left R-modules, and f: M — M’ is an R-linear map,
we can apply the principle above to the contravariant functors Hompg(—, M) and
Hompg(—, M'), which are functors gRMod — zMod connected by a natural transfor-
mation Hom(—, f): Hompg(—, M) = Hompg(—, M’). We obtain a natural transfor-
mation

Ext(—, f): Exti(—, M) = Exth(—, M").

Exercise 12.2. Discuss in a similar way what happens about the functors from
Definitions [11.13] and [11.17] when considering a R-linear maps between two choices
of fixed module.

420r between two abelian categories, the first of which has enough projectives
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Exercise 12.3. Let M and M’ be right R-modules. Note that the functors
rMod — zMod given by (M & M') g — and (M ®p —) ® (M’ ®g —) are nat-
urally isomorphic. Prove that for all n € Z also the functors gpMod — zMod
given by Tor(M @ M’, —) and Torf (M, —) ® Torf(M’, —) are naturally isomor-
phic. Prove similarly that Extp(—, M) @ Extz(—, M') is naturally isomorphic to
Exty(—, M @ M') as functors Modr — Modg. Discuss also the other functors from

Definitions [1.13] and [T.17

12.3. More examples of computations of Tor and Ext.

Example 12.4. Recall Examples and Let p be a prime number, let
n > 2and let 1 <k <n—1. Consider the ring R = Z/p™ and the R-modules
M =7Z/p and N = Z/p*.

Let us compute Tor(M, N) for all n. A projective resolution of N over R is the
infinite, periodic resolution

on—k

Lk ok Lk Lon—k Lk
o = Tt T Lfp T Lfp" —E— L)t s Lfp" —— L[p"

with the right-most Z/p™ in degree 0, and with augmentation [—],«: Z/p™ — Z/p".
Applying the functor M ® g — = Z/p ®z/,» — we obtain the chain complex

L Zlp = Llp — L)p —— L/p *— L/p —— L/p 0...

and since multiplication by a multiple of p induces the zero map on Z/p, we
have that all differentials in the last chain complex are zero. It follows that
TorZ/?" (Z/p, Z./p*) = Z/p for all n > 0.

Let us now compute Ext(N, M) for all n. We apply the contravariant functor
Homp(—, M) = Homg,»(—,Z/p) to the projective resolution of N, obtaining the
cochain complex

-0 Z/p —— Z|p *— L/p —— L/p *— L[p —— ZL/p =+

where the left-most Z/p is in degree 0, and the next one is in homological degree
-1, i.e. cohomological degree 1. Again all differentials vanish. It follows that
Exty /n (Z/p*,Z)p) = Z/p for all n > 0.

Each half of the previous computation implies that every projective resolution of
Z/p* over Z/p"™ must have infinite length: if by absurd there was a projective
resolution of finite length ¢ > 0, we could use this resolution to compute, for
instance, Toer(M ,N) = 0. But we know that any two projective resolutions
give up to isomorphism the same Tor groups, and the computation above gives
Torerl(Ma N)=Z/p.
We can now make a small comparison among the rings Z/p, Z/p" (with n > 2) and
Z:
e Z/p is a field, hence every Z/p-module is projective and thus admits a
projective resolution of length < 0 (i.e. length 0);
e Z is a PID, hence every Z-module admits a projective (actually free) reso-
lution of length < 1;
e 7Z/p™ has modules that only admit projective resolutions of infinite length.

Definition 12.5. Let R be a ring and M be a left R-module. The projective
dimension of M over R, denoted pd(M), is the minimum ¢ > 0 such that M
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admits a projective resolution over R of length /¢; if such an ¢ does not exist, we
say that M has infinite projective dimension.
The left, projective global dimension of the ring R, denoted lpdim(R), is the supre-
mum of all projective dimensions of all left R-modules. The right, projective global
dimension is denoted rpdim(R) and is defined in an analogous way, after defining
the projective dimension of right R-modules.

If R is commutative (the case we are now most interested in), then left and right
projective global dimensions coincide: in this case we just write pdim(R) for the
global dimension of R. The discussion above can be summarised as follows:

e pdim(Z/p) = 0;
e pdim(Z) = 1;
e pdim(Z/p"™) = oo for n > 2.

Exercise 12.6. Generalise Example and compute Tor’/?"(Z/pt,Z/p*) and
Extg/pn(Z/pé,Z/pk) foralln>2andall 1 <k, 0 <n-—1.
13. BALANCING OF TOR AND EXT

Let R be a ring. We have introduced so far several functors:

e for a right R-module M, we have a functor
M ®gr —: gRMod — zMod,
with left derived functors
Tor?(M, —): gpMod — zMod;
e for a left R-module N, we have a functor
— ®pr N: Modgr — zMod,
with left derived functors
Tbrf(—,N): Modg — zMod,;

e for a right R-module M (respectively, a left R-module N) we have a con-
travariant functor

Hompg(—, M): Modg? — zMod
(respectively, Homg(—, N): gMod? — zMod),
with right derived functors
Ext(—, M): Modg® — zMod
(respectively, Extg(—, N): gMod®” — zMod);
e for aright R-module M (respectively, a left R-module N) we have a functor
Hompg (M, —): Modr — zMod
(respectively, Hompg (N, —): RMod — zMod),
with right derived functors
Exty(M,—): Modg — zMod
(respectively, Extg(N, —): gMod — zMod).
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We have already seen that an R-linear map of right R-modules M — M’ induces
a natural transformation f ® g —: M ®r — = M’ ®r —, which induces in turn a
derived natural transformation TorZ(f, —): Tor®(M, —) = Tor®(M’, —); similarly,
f induces natural transformations:
e Homp(—, f): Homg(—, M) = Homp(—, M’), inducing in turn natural trans-
formations Exty(—, f): Exty(—, M) = Exti(—, M’);
e Hompg(f,—): Homg(M’,—) — Hompg(M, —), inducing in turn natural trans-
formations Extp(f, —): Extpp(M’, —) = Ext (M, —).
(check carefully that in this last case the natural transformation goes in the opposite
direction!).
We can thus think of Tor? as a functor with Modg as source and the functor
category Fun(grMod, zMod) as target, according to the following definition.

Definition 13.1. Let C and D be two categories; we define Fun(C, D) to be the
category whose objects are functors F': C — D, and whose morphisms F — F’ are
natural transformations ¢: F' = G, for two functors F and F”.

Alternatively, we can use the following definition, giving an “adjoint” description
of Tor®.

Definition 13.2. Let C and D be two categories. We define C K D to be the
category whose objects are pairs (z,y) with € C and y € D, and whose morphisms
(z,y) = (2',y') are pairs of morphisms f: 2 — 2’ in C and g: y — ¢’ in D.

We can then consider — ®r — as a functor Modr X pMod — zMod, and similarly
both Torf(—7 —) and Tbrf(—, —) can be considered as functors Modg K gpMod —
ZMOd.

Similarly, we can consider Hompg(—, —), Ext(—, —) and Extp(—, —) as functors
rMod°? X pMod — zMod, or in the case of right R-modules as functors Mod g°? X
MOdR — zMod.

We can now state Theorems and in a more functorial way.

Theorem 13.3. Let R be a ring and let n € Z; then the following couples of
functors are naturally isomorphic:

e Torf(—,—) and Tbrf(—, —), from Modg X gpMod to zMod;
o Exth(—,—) and Eg)(t%(f, —), from pMod°? ¥ pMod to zMod;
e Ext'y(—,—) and Extgp(—,—), from Modr°? ¥ Modg to zMod.

The rest of the lecture is devoted to the proof of Theorems [I1.14] and [T1.1§] i.e.
the objectwise version of The proof of Theorem [13.3]is then left as exercise
(see Exercise . We will also mainly focus on the proof of Theorem and
only sketch the (quite analogous) proof of theorem

13.1. Double complexes with exact rows. In this subsection we prove a key
lemma, which at first glance has little to do with Theorems [T1.14] and [T1.1§

Lemma 13.4. Let E,, be a double complex of abelian groupﬂ, Assume that
E; ; =0 whenever i <0 or j <0 (or both). Assume further that each row of Eq o

43The lemma holds in any abelian category different from zMod, but we will only use it in this
special case
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is exact, i.e. for all fired i € Z we have an exact sequence

7 11 1" 11
di,4 di 3 di 2 di 1

E,3s —— E; o —— E;1 — i 0

s

Then the total chain complex Tot(E)s, constructed according to Definition is
acyclic/exact.

Proof. We have to prove that all homology groups of Tot(FE), vanish; note that
Tor(E), is concentrated in non-negative degrees, indeed E; ; = 0 whenever i+j < 0.
Hence we have to prove that H, (Tot(E)s) = 0 for all n > 0: very concretely, this
means that each cycle in Tot(E), is also a boundary.

Let n > 0 be fixed, and let z € Tot(E),, be a cycle: we have Tot(E),, = @;_y Ein—i,
hence we can write x as a formal sum zo @ --- @ x,, with x; € E; ,_;, where the
“@” is to stress that these components belong to different summands E; ,,—;.

By exactness of the n'" row, the map dg’I: E,1 — E, is surjective, hence there
is yn, € E, 1 with d;{l(yn) = x,. We can consider y,, as an element in Tot(E),4+1:
we then have dpi1(yn) = dj, 1 (yn) © (=1)"dy 1 (yn)

Recall that our aim is to prove that the cycle x is a boundary in the complex
Tot(E),: it is equivalent to prove that the cycle (1) := & — (=1)"dp41(yn) is a
boundary.

The cycle (1) of Tot(E)e has a new feature that x, a priori, did not have: its compo-
nent in E,, o vanishes. We then write ) = xgl) +-- -—|—x1(11), with xz(-l) € i and
with xﬁ,l) = 0. Now we compute the differential of (1), which is supposed to vanish:
the formula predicts that d,,(z(")) has a component in En_10 C Tot(E),—1 equal to

;yo(mg))Jr(fl)”*ld“(:v?(llll), and using that 2 = 0 we get just (—1)"~1d”(z("),).

This component of dn(x(l)) must vanish, but this implies, by exactness of the

U

n — 15 row of Ea, that 2\, € E, 1, can be written as d/

Yn—1 € En_12.

We can then perturb z(!) to a new cycle 2(2) := () —(=1)""'d,, ;1 (y,_1). Proving
that z(®) is a boundary is equivalent to proving that z(!) is a boundary, but now
we have a new feature: the cycle (?) has trivial components in bidegrees (n,0) and
(n—1,0).

The next step is to compute the component of d,,(z(?)) in bidegree (n — 2,1), and
conclude that xfzz is equal to d]]_,(yn—2) for some y,,_o € E,,_o 3, using exactness
of the n — 2™ row of E,..

By this procedure we recursively perturb our original cycle x and obtain a sequence
of cycles x, M 32 . g+l ¢ Tot(E),: each two consecutive cycles differ by
a boundary, and the cycle () has trivial components in the summands E,_;; for

—12(Yn—1), for some

i < j. In particular the last cycle z("t1) is the zero cycle. This proves that all ()
and also = are boundaries in the chain complex Tot(E),. O

Note that the statement of Lemma [[3.4] also holds if we do not assume that all rows
of E, o are exact, but instead assume that all columns of E, , are exact. We can
also change the assumption “E; ; = 0 whenever ¢ < 0 or j < 0” to the assumption,
depending on two fixed constants 4,5 € Z, “F; ; = 0 whenever i < i or j < j”.

Finally, there is a dual version which we state as an exercise. To have a genuinely
dual statement we use the alternative total complex ﬂ(E)., but you can check
that in this situation each product involved in defining a degree component of
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ﬂ(E). is in fact a finite product, so it coincides with the corresponding direct
sum. In other words, in the statement of the following exercise it is harmless to
replace Tot(E)e by Tot(E),.

Exercise 13.5. Let E, . be a double complex of abelian groups. Assume that
E; ; = 0 whenever ¢ > 0 or j > 0 (or both). Assume further that each row of F, o
is exact, i.e. for all fixed i € Z we have an exact sequence

1’ 1’ 1’ 1!
dio di, 1 di, 2 di, 3
Ez’,—l E7;7_2 — Ei,—S _— ...

0 E’LO

5

Then the alternative total chain complex T(R(E).7 constructed according to Defi-

nition is acyclic/exact.

13.2. Tensor product of resolutions. Let M be a right R-module and N be a
left R-module, and fix projective resolutions (P,,€) of M (in Modg) and (Q.,v)
of N (in gRMod). We can create a double complex of abelian groups Ps Qg Qe
by tensoring the two projective resolutions: in bidegree (i,j) we have the abelian
group P; ®p ;. Compare with the construction in Subsection We obtain the

following double complex, which we call Ef '@ for short in the following

df ®Idg, df ®Idg, df ®Idg, df ®Idg,

Idp@d® Id p, ®dS 1d p, ®dg Idp, ©dQ
S P3RpQs ——3 P3OrQ2 — Py®p Q1 ——— P3®r Qo

d¥ ®Idg, d¥ ®Idg, df ®ldg, d¥ ®Idg,
Idp, ®dY Idp, ®d$ Idp, ®dS Idp, ®d%
3 POrQ3 — 3 P, ®r Q2 —— P, Or Q1 ——— P, @R Qo
df ®Idg, df ®ldg, df ®ldg, df ®Idg,
Idp, ®d$ Idp, ®d$ Idp, ®dS Idp, ®d%
—— PIQrQs —— PI®rQ2 —— PI®rQ1 —— PL®r Qo

df ®Idg, di ®Idg, dy ®Idg, dy ®Idg,

Idp, ®dY Idp, ®d$ Idp, ®dS Idp, ®d$
= P ®rQs —— Ph®r Qs —— Py@r Q1 —— Py ®r Qo

Our aim is to prove, for all n € Z, that H,(Tot(ET?),) is isomorphic to both
Tor(M, N) and to Tbrf(M, N): this would imply Theorem [11.14] You will ap-

preciate how the construction of the double complex Ef s symmetric in M and
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N, in the sense that the two modules are treated in the same way: instead of re-
solving only N (as when computing Torff (M,N)), or only M (as when computing

Tbrg (M, N)), we are now projectively resolving both modules, and then applying
the bifunctor — @z —. In the following we will prove that H, (Tot(ET®),) is iso-

morphic to Tvori?(M7 N); the other isomorphism H,(Tot(E?),) = Tor® (M, N) is
analogous.

13.3. A short exact sequence of double complexes. The double complex Ef 9
can be recovered as follows. We take the tensor product of the exact sequence

P P dP .

with the chain complex @Q,, and obtain a double complex Ef M.Q represented
schematically as follows
df ®ldg, df ®Idg, df ®ldg, df ®Idg,

1dp®d? Idp, ®dS Idp, ®dS Idp, ®dY
—— P3QrQs —— PB3OrQ2 —— P3Qr Q1 ——— P3®r Qo

df ®@Idg, df ®Idg, df ®ldg, df @ldg,

I Idp,

Idp, ®d? Idp, ®d2 dp,®dS ®dY
b P, ®r Q3 3 P, ®r Q2 Bl Py ®p Q1 —— P, ®p Qo

dy ®Idg, d¥ ®Idg, df ®ldg, df ®Idg,

Idp, ®d$ Idp, ®d$ Idp, ®dS Idp, ®d¥
——= P®rQ3s —— PL®r Q2 — PLO®r Q1 —— PL®r Qo
df ®Idg, df ®ldg, df ®ldg, di ®Idg,

Idp,®dS Idp,®dS Idp,®dS Idp,®dY
> R ®rQs —— P®prQ2 —— Ph®@r Q1 ——— Po®r Qo

€®IdQ3 €®IdQ2 €®IdQ1 €®IdQU

Idy ®d2 Idy ®dS

Idp ®d2 I ®d2
A M @p Qs — 3 M QpQr —3 M @r Q1 ——5 M ®@r Qo

The double complex Efj MQ contains a sub-double-complex EM ’Q, e, spanned by
the elements in bidegrees (—1, ) for varying i: the double complex E%Q looks like
a single row, placed at height -1, and surrounded by zeroes. We have in particular
an isomorphism of chain complexes

Tot(EM9)s 2 M ©r (S7'Qu);
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in particular, up to a mild shift, the homology groups of Tot(EM:?), are precisely
the groups Torf(M ,N'), obtained by resolving N projectively and then tensoring
with M.

The quotient of double complexes Ef MQ / Eiv %9 is then isomorphic to Ef 21 if we
take total chain complexes, we obtain a short exact sequence of chain complexes

Tot(EM@), — Tot(EPM:Q), — Tot(EP?),

And now the wonderful remark: the double complex Ef M9 has exact columns!
Indeed the i*" column it is obtained by applying the exact functor — ®z Q; to the
exact sequence

P dP dP €

You should appreciate how the module N, and in particular the functor — ® g NV,
just don’t play a role in the previous argument. By Lemma [I3.4) we then have that
Tot(EPM:Q), is acyclic; we can then apply the snake lemma segment-wise, and
obtain exact sequences

H,(Tot(EPMQ) ) =0 ——— H, (Tot(EP?),)

H, 1 (Tot(EMR),) = Tor®(M,N) — H,_(Tot(EPM@),) =0
This concludes the proof of Theorem [T1.14]

Exercise 13.6. For n € Z define a functor ﬂf(—, —): Modg X pMod — zMod
as the following composition (part of the exercise is to make sense of all categories
and functors)

_ _ K
Modg K xMod 222 K (Modg) ® K (zMod) =227 g Mod) 2 ,Mod.

Prove that the functor Tmf(—, —) is naturally isomorphic to both Tor?(—, —) and

Tbrf (—, —), by putting together, for varying M, N, the isomorphisms produced in
the proof of Theorem [T1.14]

13.4. Tor and flat resolutions. The argument of the proof of Theorem [I1.14]
seen in the previous section can be summarised as follows:

e we choose projective resolutions (P,, €) and (Qs,v) of our modules M and
N;

e we construct a double complex ET*? by tensoring the two resolutions;

e up to shifts, we find a short exact sequence of chain complexes involving
P, ®r Q, an acyclic chain complex, and Tot(EP?),;

e we apply the snake lemma.

The acyclic complex arises by applying Lemma to a double complex EFM@
with acyclic columns; the proof of acyclicity of columns of EP'M:@ uses crucially
that the functors — ® g @; are exact, because @); are projective, hence flat.

In fact, the argument would have worked if we just assume from the very begin-
ning that @, is a flat resolution of N in pMod. We therefore obtain this spin off
proposition.
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Proposition 13.7. Let M € Modg and N € gpMod, let (Qs,v) be a flat resolution
of N; then for all n € Z the n'* homology group of the chain complex M Qg Qe is

isomorphic to Tor®(M, N) (and to Tbrf(M, N) as well, by Theorem |11.14)).

Proof. Choose a projective resolution (P,,€) of M, and apply the argument of the
previous subsection word by word. (I

It is important to stress that Proposition does not imply that one can use
flat resolutions of left R-modules to define, up to natural isomorphism, the functor
Torf”(M ,—). A functor must be defined not only on objects, but also on morphisms.
The behaviour of Tor(M, —) on R-linear maps f: N — N’ is defined by lifting
f to a chain map between the resolutions of N and N’ respectively; the existence
of such a lift, as well as its uniqueness up to chain homotopy, have been proved
using that the resolutions are projective. Hence proposition does not admit a
genuine functorial version.

Example 13.8. Let M be an abelian group. We want to compute Tor? (M, Q/Z).
For this, we fix a flat resolution of Q/Z, namely --- - 0 = Z — Q — 0...; we
then apply the functor M ®z —, obtaining the chain complex

0 —m M —— M ®;,Q —— 0....

We then have a description of Tor?(M,Q/Z) as the kernel of the map of abelian
groups M — M ®z Q sending m — m ® 1.

We can now identify M ®z Q with the localisation (Z \ {0})~'M, and write the
previous as the map m +— 5. An element m € M lies in the kernel of the latter
map if and only if 2 = 2, i.e. there exists ¢t € Z\ {0} such that ¢ - m = 0. This
precisely means that m € tors(M), see Definition

With a little more care, we can conclude the following: Tor?(—,Q/Z) is naturally
isomorphic, as a functor zMod — zMod, to the functor tors assigning to each

Z-module its torsion submodule.

Example is more or less the reason why we use “Tor” to designate the left
derived functors of the tensor product.

13.5. Sketch of proof of Theorem [11.18| Let now for simplicity M, N € gpMod,
let (P, €) be a projective resolution of M, and let (I,,7) be an injective resolution

of N, i.e. ()HNgIO%I_l%I_Q%... is exact.
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and has exact columns:

s}
— o

Hom Id[\/[ ’dO)

0 HOIHR(M, IQ)

J{Hom € IdIo

Hom (Id ,dl
0 Homp(Py, Ip) —mtdro-4)

lHom (CE JIdr,)

Hom(Idp, ,d,
0 Hompg(Py, Ij)) ——— (Idr, o)

lHom > ,IdI0 )

. P,I,N
The second is called E, """ and has exact rows:

< e Y A

HOIHR(Z\f7 I—l)

Homp(Py,I-1)
lHom(dl Jddr_y)
HOIDR(Pl, 171

lHom(dg Jdr_ )

One can then construct two double complexes as follows. The first is called Ef M1

Hom(Id,dl )
—_—.
Hom(Idpo,df_l)
—_—.

Hom(Idp1 ,dil)
_— .

The same double complex EF*!| represented schematically as follows, occurs as sub-
double-complex of EPMI and EP1N by considering only elements in non-positive

bidegrees

jan)
P O -

Hom(Ide ,db)

0 Hompg(FPo, Ip) ———
Hom(d{ ,Id,)

Hom(Idp, ,dj)
P, L) ———

0 Homp

Hom(d} ,Idz,)

— —~ —

One can then consider short exact sequences of chain complexes

Tot(EPT), — Tot(EPM1), = SHompg (M, I,);

Tot(EPT), — Tot(EPTN), — SHompg(P,, N).

¢ O — -

Hom( d1 Jddr 1
Hom(Idpl,d 1)
—_— .

<;

Homp(Py, -1

Hom 2 ,Id]_l)

.<7

)

Using acyclicity of the middle terms (ensured by Exercise [13.5), one obtains a

sequence of isomorphisms of abelian groups, for all n € Z:

Ext (M, N) = H_,(Tot(EDT) = Extp(M, N).

This concludes the proof of Theorem [11.18§
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Example 13.9. Let us compute Ext?(Z/4,7/2) and Ekt?(Z/Zl, Z/2). For the first

computation, we use the projective resolution --- — 0 — Z A7 50... of Z]2;
applying Homyz(—,Z/2) we obtain the chain complex

L0 Z237)2 50

all differentials vanish, and in particular we get Ext?(Z/4,7/2) = Z/2 by consid-
ering the right copy of Z/2 in the last complex.

For the second computation, we can embed Z/2 into the injective module Q/Z by
sending [1]o — [3]z. The cokernel of this embedding is Q/(3Z), which is isomorphic
to Q/Z as an abstract abelian group, by the map [2]15 — [22]z.

We thus have an injective resolution ...0 — Q/Z 3 Q/Z - 0 — ... of Z/2;
applying Homy(Z /4, —), and recalling that Homy(Z/4,Q/Z) = Z/4, we obtain the
chain complex

L0 ZABTA S0

the image of the differential “2” is the subgroup of Z/4 generated by [2]4; the
cokernel, which is Ext(Z/4,7/2), is thus isomorphic to Z/2.

14. EXT AND EXTENSIONS, PROJECTIVE AND INJECTIVE DIMENSION

In the last lecture we have seen the reason why Tor has this name: for an abelian
group M, we have that Tor?(M,Q/Z) is isomorphic to tors(M), the subgroup of
M of torsion elements. Similarly, one can prove the following fact (which is left as
exercise).

Exercise 14.1. Let k > 2 and let M be an abelian group. Then Tor%(M, Z/k) is
isomorphic to M|k], i.e. the subgroup of M of k-torsion elements, where m € M is
defined to be k-torsion if k- m = 0.

One can generalise the previous to any PID, here is another exercise.

Exercise 14.2. Let R be a domain and let M be an R-module. Recall Example
Then Tor(M,Frac(R)/R) is isomorphic to tors(M) C M. If a # 0 is an
element of R, then Torf (M, R/(a)) is isomorphic to M[a] C M.

We want now to justify the name of Ext.

Definition 14.3. Let R be a ring and let A, C be left R-modules. An extension
of C' by A is a triple (B,4,p) consisting of a left R-module B and R-linear maps
i: A — B and p: B — C such that the following is a SES

A—tsp -2,

Two extensions (B,i,p) and (B’,i',p’) are equivalent if there exists an R-linear
isomorphism ¢: B — B’ such that the following diagram commutes.

A——spB-L,C
N
A%B’LC.

We denote by ext(C, A) the set of equivalence classes of extensions of C' by A, where
the ring R is implicit. The equivalence class of (B, 1,p) is denoted [B, i, p].
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In the literature it is common only to give an apparently weaker requirement in
Definition namely one declares (B,i,p) and (B’,i',p') equivalent if there is
an R-linear map ¢: B — B’ making the diagram commute: one then uses the
five lemma [Rot, Proposition 2.72] to conclude that the mere fact that ¢ makes
the diagram commute already implies that ¢ must be an isomorphism. We will
sometimes use later this fact.

Example 14.4. If (B, 4,p) and (B’, 4, p’) are equivalent extensions of C by A, there
may be several maps B — B’ witnessing that. Consider for instance the case in
which R = Z and both (B, 4,p) and (B’,,p’) are the extension (Z/9,[3 —]o, [~]3)
of Z/3 by Z/3. Then we can surely choose ¢ to be Idz /g, but also the maps -4 and
-7, which are also automorphisms of Z/9, would make the diagram commute:

E

z/3 27 79 7/3
z/3 28 709 T2y 78

Example 14.5. If (B, i,p) and (B',i',p") are split extensions of C' by A, i.e. both

A5 B2% Cand A LN C are split SES of left R-modules, then (B,1i,p)
and (B ,i’ ,p') are equivalent. Indeed one can choose sections s: C — B of p and
s’: C — B’ of p/, and thus identify both B and B’ with A @& C’. The following
diagram then commutes, where all vertical maps are isomorphisms and can thus be
inverted

A—+ B2 ,(C
| |
A5 AsC = C
H [rer |
A" g Y ¢

Example 14.6. Consider the following three extensions of Z/3 by Z/3:
73 2> Z/302/3 — 7/3;

[3:=]o

Z/3 )9

[6-—]o E

Z/3

Z/9 7/3;

We claim that these three extensions are pairwise non-equivalent. The first exten-
sion is qualitatively different from the other two because it is split. To distinguish
the second and the third extension, consider the following procedure:
e take the element [1]3 in the rightmost Z/3;
e lift [1]3 to an element z in the middle group along the surjective map from
the middle group to Z/3;
e multiply = by 3 in the middle group, obtaining an element 3-z in the kernel
of the map from the middle group to Z/3;
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e lift 3 - x along the injective map from Z/3 to the middle group, obtaining
an element y € Z/3;
e return y.

No matter which x we choose, the procedure gives as output the element y = [1]3
if we use the second extension, and gives as output y = [2]5 if we use the third
extension; thus the two extensions cannot be equivalent.

The following theorem justifies the name of Ext.

Theorem 14.7. Let R be a ring and let A,C be left R—moduleﬁ. There is a
bijection of sets ext(C, A) = Exth(C, A).

14.1. The map . I take from [Rot, 7.2] the notation for the maps v and 6.
In this subsection we construct, for fixed left R-modules A and C', a map of sets
Y: ext(C, A) — Extp(C, A). The second group is computed as first cohomology of
the cochain complex Hompg(P,, A), for a fixed projective resolution (P,,€) of C.
Given an extension (B, i, p) representing an equivalence class in ext(C, A), we can
write a diagram with exact rows

dg’ dg di’ e

Py Py Py

0 At sp-Lt,C 0...

We can then use that the bottom row is exact, together with the fact that the top
row contains projective modules P;, to lift the identity of C' to a chain map between
P, and the chain complex --- - 0 — A — B — 0...: here the argument is the
same as the one use to lift an R-linear map to a chain map between projective
resolutions, and we just have to note that we only need exactness in the bottom
row, but we don’t need that all objects different from C' in the bottom row be
projective:

P P P
S op B, p Y p <, 0
[T SO R
0 A—‘tspB-LsC 0...

We now have that a; € Hompg(Py, A) is a cocycle in the cochain complex Hompg (P, A),
namely Hompg(d}', A)(a1) = df oa; = 0, as the composition df’ oa; can be replaced
by the composition P, 33 0 — A. We have therefore that a; represents a class in
Extp(C, A) = H'(Hompg(P., A)).

We would like to define ¢([B,4,p]) = [a1]; however, there were some choices in-
volved in the previous construction, namely how to lift the identity of C' to the
chain map «. Fortunately, again, the fact that all modules P; are projective suffices
to imply that any two different choices of lifts @ and o’ are chain homotopic by

440f course the theorem also holds for right R-modules
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some chain homotopy s:

0 A : B P C 0...

In particular we get an equality a3 — o) = df o 59 = Hompg(d!', A)(so), so that
the difference ay — o is a coboundary in the cochain complex Hom(P,, A), and in
particular [o] = [o] € ExtR(C, A).

Finally, if we replace (B,i,p) by an equivalent extension (B’,#’,p") of C' by A, we
can choose an identification of the exact sequences — 0 — A = B 5 C —0...

and 50— A5 B 5 C-0... restricting to the identity of A and of C, and use
the “same” aq and the same a; to lift the identity of C: here “same” means same
up to identification, but same means same on the nose.

14.2. The map 6. We want now to construct a map 0: Exth(C, A) — ext(C, A).
Let therefore a; € Homp(P;, A) be a cocycle representing a class [a;] € Exth(C, A).
Then a;: P, — A vanishes on the image of dg : P, — P; and thus induces a map
ay: Py/Im(df) — A. Similarly, d¥ induces a map d’. We obtain a diagram, whose
first row is a SES

P
P /Im(d}) —9s By~ C

|o

A C

We now define B to be the push-out of A and Py along P;/Im(d}’) with the maps
a; and dV, i.e. B is the colimit (in the category of left R-modules) of the diagram

JP
Py /m(df) —1 Py

|o

A

Concretely, B is the quotient of A & Py by the submodule spanned by elements
of the form ((x)ay, —(x)d}) for varying € Py/Im(d}’). The push-out, as every
colimit, is equipped with maps from the objects of the diagram we took the colimit
of; in particular we denote by i: A — B and by ag: Py — B twﬂ of the structure
maps of the push-out. Using the universal property of the push-out, we can define
a map p: B — C by declaring the maps 0: A — C and e¢: Py — C, which in
fact satisfy the property d oe = aj o0, as both composition are the zero map

458 trictly speaking, there is a third structure map, namely the map Py /Im(dy’) — B; this can
however be recovered from either 7 or ap.
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Py /Tm(df’) — C. We thus obtain a commutative diagram

P/im(dl) -1 Py —< ©
b
A : B—"-C
We already know that the top row is a SES, so let us check that also the bottom
row is a SES:

e since € = (g o p is surjective, also p must be surjective;
e the composition iop: A — C'is the zero map by definition of p; viceversa, let
(z,y) € A® Py and suppose that the corresponding elemen@ (x)i+(y)ag €
B is in the kernel of p: this implies that (y)e = 0, but then exactness of the
top row implies that there is 2 € P; /Im(d}’) such that (2)df = y; it follows
that ()i + (y)ao = (x — (2)@1)i is in the image of ;
e the map 4 is injective: if x € A is such that (x)i = 0, then the element
(z,0) € A® C projects to zero in the quotient B, hence it is of the form
((y)ar, —(y)dl) for some y € Py /Im(d}); using injectivity of df we con-
clude that y = 0 and hence z = (y)a; = 0.
We would like to define §([a]) = [B, i, p|; before doing that, we prove the following
lemma.

Lemma 14.8. Let (B',i,p') be another extension of C by A and let of,: Py — B’
be a map such that the following diagram commutes

N
P /m(d}) -2 py —< ©

| [ ]
' . p Y0

A 7

Then (B',i',p’) is equivalent to the extension (B,i,p) constructed above.

Proof. We use again the universal property of B as a push-out: we can define a
map ¢: B — B’ by declaring the map i': A — B’ and of: Py — B: indeed we
have @; o7 = df’ o af, by the assumed commutative diagram. We then obtain a
commutative diagram

A—‘tspB-L,C

|l

AL, p 2, ¢
and using the five lemma [Rot, Proposition 2.72] we conclude that ¢ is an isomor-
phism, hence (B’,#,p’) and (B, 4, p) are equivalent extensions. O

In other words, the hypotheses of Lemma imply that B’, together with the
structure maps 7', afy and 7’ o &; = ) o d¥, is another model for the push-out of A
and Py along P;/Im(d%) and the maps a; and df.

We can now give a safer definition of §: we first define # on cocycles and let
O(a1) € ext(C, A) be the unique equivalence class of extensions (B’,i,p’) of C
by A for which there exists some «f, such that the hypotheses of Lemma are

465 generic element of B can be represented in this way.
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satisfied. The existence of such a class is given by the example of (B, i, p) together
with ag, and the uniqueness is given by Lemma itself.

Does 0(aq) € ext(C, A) really only depend on [ay], or does it depend, as it would
seem from the construction, on the cocycle a; we used? In fact, it only depends on
the cohomology class! If o is another cocycle such that o] = [af] € ExtR(C, A),
then there is sg € Hom(Py, A) with o} = a; + Homg(d?, A)(sg) = a; + d¥ o sp;
we then also have an equality &) = a; + d’ o sg, and the following diagram is
commutative

TP
P /m(df) —2s py —< 5 ©

l&1+cifos(] la(,+sooi H

A———pB-—tsc
By Lemma[I4.8| we obtain that B, together with 4, g + s 07 and a third map from
Py /Im(d¥) which now I don’t specify, is also a model for the push-out of A and
Py along Py /Im(d}) and the maps &) and d!’; thus (B,4,p) also represents 6(c/}),
by the definition of 6 on cocycles that we gave. It follows that 6(«;) = 6(a), and
hence 6 descends to a function Exty(C, A) — ext(C, A), that we still call 6.

Exercise 14.9. Check that 6 and v are inverse bijections.

14.3. Baer sum. You may have noticed that Theorem establishes a bijection
between the sets ext(C, A) and Extk(C, A), the second of which is however also an
abelian group; we can then transfer the abelian group structure on Ext}%(C, A) to
some abelian group structure on ext(C, A).

Example 14.10. The following is a commutative diagram with SES as rows

dy

Pl/Im(df) PO € C
b e |
A—2 s ApC I C.

It follows that the class of the split extension [A @ C,t4,7¢] (which by Example
is also the class of any other split extension of C' by A) corresponds, along the
bijection Extk(C, A) = ext(C, A), to the zero class [0] € Extk(C, A).

In the following we give an alternative description of the sum operation on ext(C, A);
we will however not prove that the following assignment ext(C, A) x ext(C, A) —
ext(C, A) corresponds to the usual sum on Ext}a(C, A) along the bijection: the
proof of this is for instance in [Rot, 7.2.1].

Let (B, ,p) and (B’,4,p") be extensions of C by A, representing classes in ext(C, A).
The first idea to combine the two extension into their “sum” is to take their direct
sum: we however obtain a SES

As A2 pap 2, og0

whose external terms are A @ A and C & C rather than A and C'. We now use the
following two tricks.

The first trick is to consider the diagonal copy of C' contained in C & C, which is
isomorphic, as a left R-module, to the product C' x C: more precisely, we consider
the map A: C — C x C given by the universal property of the product, by declaring
twice the map Id¢: C' — C; A is injective, and we consider the submodule A(C) C
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C @ C. We can then define (B@® B')® € B® B’ as the preimage (p @ p') " (A(C));
note that the image of A® A along i @4’ is contained in (B @ B’)?, for the simple
reason that the composition (p & p’) o (i ¢ i’) is the zero map, having in particular
image inside A(C). We thus get a SES

Ao A2 (B B)A P A0 =0

The second trick is the “dual” trick. There is a map V: A® A — A given by
the universal property of the direct sum, declaring twice the identity of A; V is
surjective, and we consider the two (isomorphic) submodules kerV C A & A and,
correspondingly, (i @ i')(ker(V)) C (B @ B')2. We let (B @ B’)S be the quotient
(B® B /(i ®i")(ker(V)); we obtain a SES

A A/ker(V) = A 27 (Ba BYA 2, A(0) =

The latter is an extension of C' by A, and it turns out to represent [B, i, p|+[B’, ', p']
under the transfered abelian group structure on ext(C, A) coming from Exth(C, A).

14.4. Naturality of ext. Recall that Ext},—i: rMod?? ¥ pMod — zMod is a bi-
functor; using the bijections of abelian groups ext(C, A) = Ext}(C, A), one can
tautologically define a bifunctor ext: gkMod®? X pMod — zMod which is naturally
isomorphic to Extg. In the following we describe how ext looks like.

We fix left R-modules A, A’,C,C’ and R-linear maps f: A — A’ and g: C — C".
We content ourselves with giving a description of the maps ext(g, 4): ext(C’, A) —
ext(C, A) and ext(C, f): ext(C, A) — ext(C, A’) corresponding, under the identifi-
cation of bifunctors Extp 2 ext, to Exty(g,Id4) and Extp(Ide, f).

Exercise 14.11. After finishing to read this subsection, prove of all following
statements:
e the maps of sets ext(g, A) and ext(C, f) are well-defined;
e they correspond, under the identifications, to Ext}(g,Id4) and Extk(Id¢, f);
in particular they are Z-linear maps, and belong to a bifunctor

ext: pRMod?? X pMod — zMod.

We start describing a map ext(C, f): ext(C, A) — ext(C, A"). Given an extension
(B,i,p) of C by A, we consider the push-out B’ of the diagram

A4 B
Is
A/

and we denote by i’: A’ — B’ and by f: B — B’ two of the structure maps of the
push-out. This is very similar to what we did in the construction of # in Subsection
We use the universal property of push-out and define a map p’: B — C by
declaring 0: A’ — C and p: B — C; thus we obtain a commutative diagram, whose
first row is a SES

)

A—‘tsp-?,co

O

i

A 5B L,
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and by a simple diagram chasing one can show that also the second row is a SES.
We then have ext(C, f): [B,i,p| — [B’,,p'].

The description of the map ext(g, A): ext(C’, A) — ext(C, A) is dual. Given an
extension (B’, i, p') of C' by A, we consider the pull-back B of the following diagram

C

ls

B’ L/> C'.
Concretely, the pull-back can be described as the submodule of B’ & C' containing
all couples (x,y) such that (z)p = (y)g. We denote by g: B — B’ and p: B — C
two of the structure maps of the pull-back. We can then use the universal property

of pull-back and define a map i: A — B by declaring 0: A — C and i': A — B’;
thus we obtain a commutative diagram, whose second row is a SES

A—‘tsp_-r,(C

|

A——p L,
and by a simple diagram chasing one can show that also the second row is a SES.
We then have ext(g, A): [B',,p'] — [B,4,p].

14.5. Yoneda sequences and cohomology product. For two left R-modules A
and C' we have interpreted Ext(C, A) as the set of equivalence relations of SES
A — B — C; can we do something similar for Ext;(C, A) for n > 27

Definition 14.12. A Yoneda sequence from A to C' of length n is an exact sequence
of left R-modules of the form

. dB dB 4B
7 n—1 n—2 1
0 — A —— B, B,_»

By —2— C 0...

We denote by (B,,d?,i,p) a generic Yoneda sequence.

We consider on Yoneda sequences the smallest equivalence relation spanned by the
following basic equivalences: we regard (B,,d?,i,p) and (B., dB’, i’,p’) to be “basic
equivalent” if there exists a commutative diagram as follows, for suitable R-linear
maps @, - - ., Pn—1:

i dy dyy s a7 P
...O*>A4)Bn_1 Bn_g BO C 0...
H J{tﬁnfl Pn—2 Jfﬁo H
il , dfil , dfiz d?l , p/

L0—— Ay B B, N B, C 0...

You will note that we do not require the maps ¢; to be isomorphisms, and in partic-
ular the relation spanned by the above condition is not automatically symmetric.
Nevertheless, we consider the smalles equivalence relation on Yoneda sequences
which keeps track of the previous basic relations.

One can in fact characteris@ as follows the equivalence relation: (B,,d?,i,p) and
(B,,dP',i,p') are equivalent if and only if there exists a third Yoneda sequence

4TWe do not give here a proof of this fact.
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"o, . .
(BY,dP",i",p") and a commutative diagram

B dB dlB

..0—— A *Z> Bn,1 T Bn,Q no2 BO P C 0...
H ¢2L71T B ¢il72T B B! ¢6T H

0 A gy gy e W e 2 0...
H J{‘bnfl ) Pn—2 , J{d’o H

Y Y S A e e = N AN LN 0...

Let ext™(C, A) denote the set of equivalence classes [B,,d?,4,p] of Yoneda se-
quences of length n from A to C. In the previous discussion we have argued that
ext!(C, A), which is defined precisely as ext(C,A), is in natural bijection with
Extg(C, A).

Example 14.13. Let (B,,d”,4,p) be a Yoneda sequence of length n from A to C,
and let (P,,€) be a projective resolution of C. Then we can lift the identity of C
to a chain map from the complex P, to the complex ...0 - A — By — 0...:

dyys d¥ dy 4 dy 5 af c
Poy1 — Py, —— P4 P,_o Py C 0...
| | | |
o |1 |2 v H
< < B < B B <
- ds_, a5_, d p
.0 A ! Bn—l /= Bn_g “ ! BO C 0...

A simple diagram chasing shows that «,, € Hompg(P,, A) is a cocycle of the cochain
complex Homp(P,, A).

It can in fact be proved that for all n > 2 the sets ext™(C, A) and Exty(C, A) are
in natural bijection, by the assignment [B,,d?,i,p] — [ay).

The description of Ext with Yoneda sequences allows us to do one further Steﬂ
Indeed, let A, C, D be three left R-modules and let (B,,d”,i,p) and (B., de’, i)
be Yoneda sequences of lengths n,n’ > 1 respectively, from A to C and from C' to
D respectively. We can define a Yoneda sequence of length n 4+ n’ from A to D as
follows

B B B’ B’
dw—l dl d v —1 dl

...0*>A#>Bn_1

)
pO’L 12 n 12
By Bn/—l BO

This assignment descends to a product map
ext™ (D, C) x ext™(C, A) — ext™™™ (D, A).

Using push-outs and pull-backs in a similar way as in Subsection one can also
define product maps ext” (D, C) x ext”™(C, A) — ext™*" (D, A) when either n or n’
is zero. One can check that these product maps are Z-bilinear, and also that they
are associative: given four R-modules A,C, D, E, any order of composition gives
rise to the same map

ext™ (B, D) x ext™ (D, C) x ext™(C, A) — ext™ ™+ (B A).

48There are also other, and probably more effective ways to define the product on Ext, this
seemed to me to be the most intuitive
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Finally, when n = n/ = 0, a product map ext™ (D,C)xext™(C, A) — extmtn (D, A)
is the same as a product map Homp(D, C') x Hompg(C, A) — Homp(D, A), and in
this special case we have a very natural definition to choose, namely the composition
of R-linear maps! We thus obtain for all n’ and n product maps ext” (D,C) x
ext™(C, A) — ext"t"' (D, A), which are Z-bilinear and satisfy associativity. We
conclude with an example.

Example 14.14. Let R be an associative ring and let M be a left R-module. Recall
that Hompg (M, M) is an associative ring, by considering composition of R-linear
maps. In fact, also
Exty, (M, M) := (D Extj (M, M)
n>0
has a natural structure of (graded) associative ring; the component in degree 0 is
the sub-ring Ext% (M, M), and it is isomorphic as a ring to Hompg (M, M).

14.6. Global dimensions. Recall Definition There is a dual definition, using
injective resolutions.

Definition 14.15. Let R be a ring and M be a left R-module. The injective
dimension of M over R, denoted id(M), is the minimum £ > 0 such that M admits
an injective resolution over R of length /; if such an ¢ does not exist, we say that
M has infinite injective dimension.

The left, injective global dimension of the ring R, denoted lidim(R), is the supre-
mum of all injective dimensions of all left R-modules. The right injective global
dimension is denoted ridim(R) and is defined in an analogous way, after defining
the injective dimension of right R-modules.

In general, for an abelian category C, if C has enough projectives one can define
the projective global dimension pdim(C), and if C has enough injectives one can
define the injective global dimension idim(C). The abelian categories gkMod and
Modpg are defined using the same ring R, but they are in fact different abelian
categories, so we should not expect, for instance, a relation between their projective
global dimensions. In fact there exist rings R for which rpdim(R) = pdim(Modg)
is different from lpdim(R) = pdim(zpMod). Necessarily, such R must be non-
commutative!

In the following we will focus, whenever a choice can be made, on left R-modules.

Example 14.16. For a left R-module M we have pd(M) = 0 iff M is projective,
and id(M) = 0 iff M is injective, almost by definition. It is not difficult to find
examples of R and M such that M is projective but not injective, or viceversa.
Hence, in general, for a ring R and a left R-module M we have pd(M) # id(M).

In spite of the previous example, we will prove the following theorem.

Theorem 14.17. Let R be an associative ring. Then lpdim(R) = lidim(R) and
rpdim(R) = ridim(R) ﬁ

Note that the theorem also predicts that if either lpdim(R) or rpdim(R) is infinite,
then so is the other. In order to prove the theorem, we will in fact prove the
following proposition.

491 fact, if C is an abelian category with enough injectives and projectives, one can prove that
pdim(C) = idim(C).
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Proposition 14.18. Let n > 0 be an integer and R a ring. Then the following are
equivalent:

(1) Ipdim(R) < n;

(2) Ext®™ (M, N) =0 for all left R-modules M, N;

(3) lidim(R) < n.

Thanks to Theorem the condition (2) is more symmetric in the words “in-
jective” and “projective” than the other two conditions (1) and (3), and we expect
that any proof of the equivalence of (1) and (2) can be adapted to a proof of the
equivalence of (2) and (3). In fact we will focus on the proof of the equivalence of
(1) and (2), so we will focus on lengths of projective resolutions.

Proof that (1) implies (2) in Proposition[14.18 Let n and R satisfy Ipdim(R) < n,
and let M, N be any left R-modules. Then M admits a projective resolution P, of
length at most n, and we can compute Ext);" (M, N) as the n + 1™ cohomology
group of the cochain complex Hompg(P,, N).

This cohomology group is supposed to be a subquotient of the abelian group
Homp (P41, N), which is assumed to be zero. O

Exercise 14.19. Adapt the previous argument to prove that (3) implies (2), by
using an injective resolution of N instead of a projective resolution of M.

The next ingredient we will need towards a proof of Proposition [14.18fs Schanuel’s
Lemma.

Lemma 14.20 (Schanuel’s Lemma). Let M be a left R-module, suppose that we
are given two SES of left R-modules

K—‘tsp_-2, M

K i pr Py

with P and P’ projective. Then there is an isomorphism of left R-modules K ® P’ =
K' @ P. In particular, K is projective if and only if K' is projective.

Proof. Consider the R-linear map p&® p': P ® P’ — M: we will focuse on proving
that K’ & P is isomorphic to ker(p & p’); the proof that K & P’ is also isomorphic
to ker(p @ p’) is completely analogous, and the two isomorphisms yield the first
statement. The second statement follows from the fact that a direct summand of a
projective module is projective.

Use that P is projective to construct a map ¢ making the following diagram com-
mute

K—*sp-LsMm

o

K s p 2 M
Define now a map ¢: P & K' — ker(p @ p’) by declaring ¢|x:  — (0, ), and by
declaring ¥|p: y — (y,—(y)$). The map ¢ is surjective: every element (z,w) €
ker(p @ p') can be written as (z,—(2)¢) + (0,(2)¢ — w), where (2)¢p —w € P’
is in the kernel of p’, hence in the image of 7. The map v is also injective: if
(y,2)Y = (y,—(y)v + ) = 0, then y = 0, and then also z = 0. O
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Exercise 14.21. Prove the dual Schanuel’s Lemma: if M — I — K and M —
I’ — K’ are SES’s with I and I’ injective modules, then I & K’ =2 I’ K, and in
particular K is injective if and only if K’ is injective.

Schanuel’s Lemma has the following striking consequence. Suppose that we want
to compute pd(M) for some left R-module M; then the following algorithm returns
pd(M), no matter what choices are made during it:

e if M is projective, return 0 and stop the algorithm;

e if M is not projective, choose any surjective map e¢: Py — M from any
projective module Py, and consider ker(e); if ker(e) is projective, return 1
and stop the algorithm;

e if also ker(e) is not projective, choose any surjective map df : P, — ker(e)
from any projective module Pj, and consider ker(d!); if ker(d!) is projec-
tive, return 2 and stop the algorithm;

e continue in this fashion, until for the first time you observe that ker(d?): P, —
P, is projective; then return n + 1;

e if the algorithm never ends, return co.

In other words, there is no particularly clever way to shorten the length of a pro-
jective resolution of a module: if P, is a projective resolution of M, Schanuel’s
Lemma, strictly speaking, ensures that if a run of the algorithm returns 1, then
any run of the algorithm returns 1.

Definition 14.22. Two left R-modules M and M’ are projectively equivalent if
there are projective modules P and P’ with M & P' = M’ & P.

Note that if M @& P' =2 M' @ P and M' & Q" = M" & Q', then M & P' & Q" =
M'e&P®Q" = M"®Q'® P, so Definition [14.22] gives in fact an equivalence relation
on left R-modules.

Schanuel’s Lemma can be generalised to the following statement: if M and M’
are projectively equivalent and if K - P — M and K' — P’ — M’ are SES
with P and P’ projective, then K and K’ are also projectively equivalent: indeed
we may first find an isomorphism M @& Q' = M’ & @, then consider the SESs
K—>PoQ - MdQ and K' - P & Q — M' ®Q, then conclude by Schanuel’s
Lemma that K PP o Q2K &P Q.

After these considerations, consider two parallel runs of the above algorithm starting
from the same left R-module M: at each step we obtain projectively equivalent
modules, and both runs stop, at the same time, the first time that two kernels of
surjective maps are (both) in the projective equivalence class of projective modules.

Exercise 14.23. Describe a dual algorithm returning the injective dimension of
a left R-module N, by iteratively injecting into an injective R-module, taking the
cokernel, and asking whether the latter is an injective module or not.

We will finish the proof of Proposition [14.18] and hence of Theorem [14.17] next
time.

15. GLOBAL DIMENSION, WEAK DIMENSION, HILBERT’S SYZYGY THEOREM

15.1. End of proof of Proposition [14.18, We start by completing the proof of
Proposition|14.18 We focus on the proof that (1) implies (2) and on left R-modules.
The first ingredient we need is the following characterisation of projective modules.
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Lemma 15.1. Let M be a left R-module. Then M is projective if and only if
Extr(M,N) =0 for all N € gpMod.

Proof. Suppose first M projective, i.e. Homg(M,—): gMod — zMod is an exact
(covariant) functor. Then Extk (M, —) = R_;(Hompg(M, —)) is the zero functor,
by an adaptation of Example to right derived functors. In fact all functors
Exty (M, —) for n # 0 are the zero functor.

Conversely, suppose that M is a left R-module with Ext}{(M ,—) being the zero
functor. In order to prove that Hompg(M,—) is an exact functor (and hence
M is projective) it suffices to show that Homp(M,—) maps SESs in gpMod to

SESs in zMod (see Proposition Let therefore N’ % N % N” be a SES in
rMod. By Theorem and recalling that Ext%(—, —) is naturally isomorphic to
Hompg(—, —), we have a long exact sequence of cohomology groups featuring the
following segment

...0 = Homp(M, N') = Homp(M, N) — Hom(M, N") — Exth(M,N') — ...

By hypothesis on M, the group Extp (M, N’) vanishes; it follows that Hompg (M, N') —
Homp(M,N) — Hom(M,N") is a SES in zMod, which is what we wanted to
show. (]

Exercise 15.2. Prove the dual lemma: M is injective if and only if Extk (N, M) =
0 for all N € gkMod.

We are now ready to prove another implication in Proposition [14.18

Proof that (2) implies (1) in Proposition . Let R be aring, n > 0 and assume
that Ext;’;l is the zero bifunctor kMod®” X gpMod — zMod. We want to prove
Ipdim(R) < n. By Lemma in the case n = 0 we have that the condition
“Extgrl is the zero bifunctor” implies that every left R-module is projective

Fix M € gMod. We are going to prove first a version of “(2) implies (1)” that
only focuses on M: we are going to prove that if Extz(M, —) is the zero functor
rMod — zMod, then pd(M) < n. Once this is done, letting M vary we immediately
obtain “(2) implies (1)”.

Let (P,,€) be a projective resolution of M, and for all ¢ > 1 deﬁnﬂ K; to be
ker(dY') C P;; define also K = ker(e); the situation is represented in the following
diagram, where the row is exact:

Kt K, K, 1 .. K, Ko
dP N \[ dP ) \[ dp \[ dP ) dP ‘[ dP ‘[
Py S P, P . 2P — P —> M...

Our aim is to show that M admits a projective resolution of length at most n; to

this purpose, it suffices to show that K,_; is a projective module: then we can
. dy; o
consider ...0 — K,_1 — P,_1 i { Py — 0... as a length-n projective
resolution of M. In fact, the argument from the last lecture involving Schanuel’s
Lemma and the algorithm implies that this is our only hope: if K, _; fails being

projective, then it would just be false that pd(M) < n.

50The word “syzygy” is often used in the literature to refer to the modules K;; the word was
already used in astronomy with the meaning of “conjunction” (when three or more bodies are
aligned), when Hilbert imported it into mathematics as an alternative to the word “relation”.
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Remember that K; is also the image of the map dﬁlz we obtain the following nice

P P
fact: for each ¢ > 0 the chain complex ... dff Piyo diZ Py —-0—-0—0...,
with P11 put in degree 0, is a projective resolution of K;, with augmentation
df_’H: P;11 — K;. The situation is represented in the following diagram, in which
sequences as the red one are exact

K,t1—0 K, —0 K,-1—0 Ky —0 Ko —0

P
n+2 n+1 d,, b —1

P
df o J V \[ y J
¥ ar dr

n+1 n n—1

In particular the following row is exact, and represents a projective resolution of
K,,_1 together with its augmentation:

P P
d n

+3 d5+2 df+1 d,,
P, Py 5 P —5 K, ——0...

To prove that K,,_1 is projective, we use Lemmaand check that Ext}%(Kn_l, N) =
0 for any left R-module N. We have a projective resolution of K,,_; ready, so let us
just apply the functor Hompg(—, N) to it: we obtain the following chain complex,
where Hompg (P, N) lies in degree 0, and (homological) degrees decrease from left
to right
P P P

10— Homp(Po, N) 2 s Y (P, N e N (P g, W) oY)
The group Ext (K, —1, N) can be computed as ker(Homp(d~, ,))/Im(Homp(d ., ).
Notice that also ExtTéH(M ,N) can be computed as the very same quotient: the
reason why this happens is that the triple “P,,+o — P,4+1 — P,” occurs both in
the original projective resolution of M, and in the obtained projective resolution
of K,,_1. We assumed that ExtEH(M ,—) is the zero functor, so we deduce that
Exty(K,_1, N) is zero for all left R-modules N, which implies by Lemmathat
K, _; is projective, which in turn implies pd(M) < n. O

Exercise 15.3. Let M be a left R-module and let (I°,n) be an injective res-
olution of M. Define K' = coker(dé_lz I'=1 — TI%) for all i > 1, and define
K° = coker(n: M — I°). For n > 0 prove that the functor Ext;""(—, M) is the
zero functor if and only if K™~! is an injective module. Deduce that (2) implies

(3) in Proposition [14.18

With the discussion of this subsection the proof of Theorem [I4:17]is complete: we
will henceforth call “left global dimension of R” the number lpdim(R) = lidim(R),
which may be infinite, and denote it 1dim(R) for simplicity. Similarly we denote by
rdim(R) = rpdim(R) = ridim(R) the right global dimension of R.

15.2. An application of Baer’s criterion. Recall Proposition [5.14; we can use
it to give a formula computing the left global dimension.

Theorem 15.4 (Auslander). Let R be a ring. Then 1dim(R) can be computed
as the supremum of the set {pd(R/J)}, where J ranges among left ideals of R.
In other words, 1-generated/cyclic left R-modules suffice to detect the left global
dimension of R (using the definition as left projective dimension of R).
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Proof. Tt is clear that sup {pd(R/J) | J C R left ideal} < sup {pd(M)|M € rpMod},
and in particular if the first is infinite, then so is the second and hence the two agree.
Assume now n := sup {pd(R/J)|J C R left ideal} is finite. Let M be a left R-
module; for all J C R we have Exts"! (R/J, M) = 0, as can be checked by choosing
a projective resolution of R/J of length at most n (which exists by definition of n).
Let now (I°®,7) be instead an injective resolution of M, and let K"~! be as in Exer-
cise we can identify the groups Ext’s™ (R/.J, M) and Extj(R/J, K"~') by con-
sidering the short piece of chain complex Hompg(R/J,I") — Hompg(R/J, I"T1) —
Homp(R/J, I""2) and computing the homology group in the middle degree. We
conclude that Exty(R/J, K»~') = 0 for all left ideals J C R.

We then write the long exact sequence of Extr(—, K™ 1)-groups associated with
the SES of left R-modules J < R — R/J, for all left ideals J C R: it begins with

...0 3 Homg(R/J,K") 5+ Homg(R, K"') + Hompg(J, K" 1) + Extn(R/J, K" 1) » ...

Since Exth(R/J, K"~1) = 0 for all J, we deduce that the map Hompg(R, K"~ ') —
Homp(J, K"~1) (induced by restriction of functions from R to J) is surjective; in
other words, every R-linear map J — K"~ ! can be extended to an R-linear map
R — K™ !, for all left ideals J C R. This is precisely Baer’s criterion to check
that K"~ 1 is an injective left R-module: we conclude that K™~! is an injective left
R-module.

Since K™ ! is injective, we obtain an injective resolution of M of length n:

n—1
d7 dy

.0 1° ml — 5 Kl 50— L.

It follows that id(M) < n; since the arguments works for all M € rMod, we
conclude that lidim(R) < n, and now we use that lidim(R) is one of the two
ways to compute ldim(R). The other way is sup {pd(M) | M € gpMod}, and so (re-
calling how n was defined) we obtain the inequality sup {pd(M)|M € rpMod} <
sup {pd(R/J)|J C R left ideal}, which together with the inequality from the be-
ginning of the proof concludes the proof.

]

15.3. A glimpse into the flat dimension. Proposition [14.18| uses the vanishing
of Ext’léfl, as a bifunctor pMod®” X pMod — zMod, as a criterion for the upper
bounds Ipdim(R) < n and lidim(R) < n. Can we write a similar proposition
involving the vanishing of Torﬁ 1 instead?

Definition 15.5. Let M be a left R-module. The flat dimension of M, denoted
fd(M), is the infimum of lengths of flat resolutions of M. The left flat dimensionlﬂ
of R, denoted lfdim(R), is the supremum of fd(M) for M € pMod.

Similarly, define the flat dimension of right R-modules, and the right flat dimension
rfdim(R).

We have the following lemma, which parallels Lemma and whose proof is left
as exercise.

Lemma 15.6. Let N be a left R-module. Then N is flat if and only ifTor{%(M, N) =
0 for all M € Modg. Similarly, let M be a right R-module. Then M is flat if and
only if Tor¥ (M, N) =0 for all M € Modp.

51This is called “weak” dimension in Rotman and in the literature in general, but let me use
a terminology which is parallel to what we already did.
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We can now mimick the arguments of the previous subsection/last lecture. In the
following it is important to notice that we do not rely on an analogue of Schanuel’s
Lemma for flat modules, especially because such analogue is not available.

Lemma 15.7. Let M be a right R-module and n > 0; the following are equivalent
(1) fd(M) < n;
(ii) Torf,|(M,N) =0 for all left R-modules N.

A similar statement holds with left and right modules swapped.

Proof. First, assume (i). Recall that for a left R-module N we can compute the
abelian group Tor? +1(M, N), up to isomorphism, by choosing a flat resolution of
M and tensoring it with N. By (i), there is a flat resolution Fy of M of length
< n; hence the chain complex Fy ® g N vanishes in degree n + 1, and this forces
the n + 1* homology group, i.e. Torf_H(M, N), to vanish.

Now assume (ii). If n = 0, (ii) and Lemma immediately imply that M is
flat, and hence M admits 6y(M), as flat resolution. Suppose now (ii) holds and
n > 1. Let (F,,€) be a flat resolution of M, and similarly as in the previous
subsection, define K,,_; = ker(df_;: F,_; — F,_3) (in the case n = 1, define

A A . .
Ko =ker(e: Fy — M)). Note that ... ke Fop1 5 F, —0... is a flat resolution
of K, _1;if N is any left R-module, the homology group computed in the middle of
the piece of chain complex Fj,12o @r N — Fj,41 ®r N — F,, ®g N can be identified
with both Torf(K,_1, N) and Tor§+1(M, N); by (ii) the latter vanishes, hence the
former vanishes, for all N € pkMod. We can now apply Lemma [I5.6] and conclude
that K, _1 is flat; as a consequence, the following is a flat resolution of M of length
n, witnessing that fd(M) < n:

ar | df

0 0 K1 F,1 — ... Iy 0...
(]

Proposition 15.8. Let n > 0 be an integer and R a ring. Then the following are
equivalent:

(1) ifdim(R) < n;

(2) Tor? (M,N) =0 for all right R-modules M and left R-modules N;

(3) rfdim(R) < n.

Proof. The equivalence of (1) and (2) is a straightforward consequence of Lemma
15.7) by letting M vary among right R-modules. The equivalence of (2) and (3) is
proved by a symmetric argument, swapping the roles of left and right modules. [

We can now derive from Proposition the following theorem, in a way that is
completely analgous to how we derived Theorem from Proposition [14.18

Theorem 15.9. Let R be an associative ring. Then lfdim(R) = rfdim(R).

At first glance it might seem strange that in the case of flat dimensions we manage to
prove that the left and the right versions are equal, whereas in the case of projective
dimensions we couldn’t. This is essentially a consequence of the fact that — ®p —
combines left and right R-modules, whereas Hompg(—, —) does not. From now on
we will denote by fdim(R) the common value lfdim(R) = rfdim(R).

We can also compare Theorem with the following theorem, which is [Rot,
Theorem 8.25], and which we leave without proof.
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Theorem 15.10. Let R be a ring; then we have
fdim(R) = sup {fd(R/J)|J C R left ideal} = sup {td(R/J)|J C R right ideal}

where in the first sup we consider flat dimensions of left R-modules, and in the
second we consider flat dimensions of right R-modules.

15.4. Hilbert’s syzygy theorem. Our next goal, the last one in the course, is to
give a proof of the following theorem.

Theorem 15.11 (Hilbert’s syzygy theorem). Let F be a field, and consider the
polynomial ring Flz1,...,x,] in n variables. Then

rdim(Flzy,...,z,]) = ldim(F[zq, ..., 2,]) = n.

We note that, since F[z1, ..., x,] is commutative, the categories Flz1,...,z,]Mod and
_____ 2] of left and right modules are isomorphic, and thus rdim(F[z1, ..., z,]) =
ldim(F[x1, ..., 2,]). Hilbert proved in 1890 a statement that can be reformulated
as follows: every ideal J in the polynomial ring Flxy,...,z,] admits a free res-
olution of length at most n — 1. Hilbert’s statement implies immediately that
pd(Flz1,...,2,]/J) < nfor all ideals J C Flzy, ..., z,], and thus by Theorem [15.4]
we obtain the inequality rdim(Flzq,...,z,]) = ldim(F[zy,...,z,]) < n; the fact
that equality holds requires another additional argument, and you are more than
invited, in order to satisfy your desire of knowledge about history of mathematics,
to read Hilbert’s original article “Uber die Theorie der algebraischen Formen” and
determine whether Hilbert also proved a statement which, reformulated in modern
terms, gives the equality rdim(F[z1, ..., 2,]) = ldim(F[z1, ..., z,]) = n.

We will derive Theorem from a more general statement; before stating a
proposition, we need a definition.

Definition 15.12. Let R be an associative ring. We denote by R[z] the ring of
polynomials in one variable z. An element of R[z] has the form f(z) = rgz®+---+
T + 19, With ro,..., 7, € R; as an additive group, R[] is isomorphic to €, R.
The product is defined by setting on monomials by the rule (rpz*) - (rpa”) =
(rerR)xF T (note that in the last equality we have formally swapped z* with ry,),
and is extended bi-additively to all polynomials.

Exercise 15.13. We can also define R[x] by a universal property: it is a ring S with
a specified map i: R — S and with a specified element x, such that i(r)z = zi(r)
for all 7 € R, and such that the triple (S,x,1) is universal among triples (S, y,1)
with i: R — S a map of rings and y an element in S satisfying i(r)y = yi(r) for
all r € R. Think about the details of the approach to define R[z] by universal
property, especially formulate explicitly the universal property (and check that it
holds for the usual R|x]).

We can now state the main proposition

Proposition 15.14. Let R be a ring. Thenldim(R|[z]) = 1dim(R)+1; in particular,
either side of the equality is infinite if and only if also the other side is infinite.

We stated Proposition in the context of possibly non-commutative rings be-
cause this is the level of generality in which (without much more effort) it can be
proved; nevertheless, in order to show Theorem [[5.11} we only need the “commu-

tative” part of Proposition [15.14
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Proof of Theorem assuming Proposition [I5.1]] We prove the theorem by in-
duction on n. For n = 0, we note that a field F satisfies ldim(F') = 0, as every (left)
F-module is free. Assuming the statement for n = k—1 > 0, we then note that if we
set R :=F[z1,...,25_1], then there is an isomorphism of rings R[z] = F[z1, ...,z
by identifying x with the variable xj.

We have a sequence of equalities, the third of which follows from Proposition

ldim(Flzy,...,2zx)) = ldim(R[z]) = ldim(R)+1=(k—1) + 1 =k,
i.e. the statement also holds for n = k. O

The proof of Proposition [I5.14] will be the object of the rest of this lecture and the
next lecture. The analogue statement that rdim(R[z]) = rdim(R)+ 1 can be proved
by similar arguments, but we will focus on left modules. Whenever we consider a
projective dimension of a module, we will use the ring as an index in order to stress
over which ring we are considering the module (this was unnecessary until now, as
we were basically always working with a single ring).

Definition 15.15. Let M be a left R-module. We denote by M|x] the left R[x]-
module R[z]®r M, obtained by tensoring M with the R[x] — R-bimodule R[z]; here
we consider R[x] as a right R-module by using the inclusion of rings R — R[z].

Lemma 15.16. Let M be a left R-module; if M is projective over R, then M|x] is
projective over Rlx]. Let N be a left Rlx]-module; if N is projective over R|x|, then
N, considered as a left R-module by restriction of scalars, is projective over R.

Proof. Assume first that M is projective over R, and hence that there is an iso-
morphism of left R-modules M @ P = @,.; R; tensoring on left with R[z], and
remembering that tensor products are distributive with respect to direct sums, we
obtain an isomorphism of left R[z]-modules

Mlz] & Plz] = R[z] ® g M & R[z] ®r P = R[z] ®p (@ R) =~ (P Rlz]

iel i€l
and hence M|z] is also projective over R|x].
Assume now that N is projective over R[z], and hence there is an isomorphism of
left R[z]-modules N @& Q = @,.; R[z]. Recall that the map of rings R — R[z]
induces a functor rj;yMod — rMod by restriction of scalars. In particular, we can
consider N @ Q = @,; R[z] also as an isomorphism of left R-modules. We then
note the following isomorphism of R-modules: R[x] = @;io R.
Putting everything together, we have an isomorphism of left R-modules

N@Q%@éﬁf

iel j=0

and hence N is projective over R. a
Lemma 15.17. Let M be a left R-module; then pd (M) = pd gy, (M [z]).

Proof. We prove that, for an integer n > 0, the inequality pdz(M) < n holds if and
only if the inequality pdg,;(M[z]) < n holds; once this is proved, the statement
follows immediately.

Suppose first pd (M) < n; then we can find a projective resolution

=3 0=>PFP, == P> F—0...
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of M over R of length n (we may have P; = 0 for some values of i towards the
left end of the resolution). We can adjoin M to the previous and obtain an exact
sequence of left R-modules

= 0=P, == PP —-M—=0...

Tensoring with R[z] over R, and recalling that R[z] is free as a right R-module
(hence flat), we obtain an exact sequence
-+ = 0= Pfz] = -+ — Piz] = Pylz] - M[z] - 0....

By Lemmal|l5.16|the modules P;[z] are projective over R[z], and hence the previous,

after removing M x|, can be regarded as a projective resolution of M [x] over R[x]

of length n, witnessing pd g, (M[z]) < n.

Viceversa, suppose that pdp,)(M[z]) < n, and fix now a projective resolution
=202 Qp— - > Q1 > Qo —0...

of M[z] over R[z] of length n. We can adjoin M[z] to the previous and obtain an
exact sequence of left R[x]-modules

=02 Qn == Q1= Qo — Mlz] > 0...;

applying the restriction of scalar functor gpMod — gMod we can consider the
previous also as an exact sequence of left R-modules; by Lemma [15.16| each Q; is
projective over R, and hence we conclude that pdz(Mz]) < n.

We then notice that M|xz] is isomorphic to EB;‘;O M as a left R-module; it follows
that there is an isomorphism of functors

EXtTII%+1(M[‘T]7 —-) = @ EXt?:;_l(M, —): gkMod — zMod;
7=0

the inequality pdz(M|z]) < n implie that Extl;t(M[z], —) is the zero functor;
hence all direct summands of @;‘io Ext’;t (M, —) are the zero functor, and this
implies in turn, by the argument of the proof of Proposition [14.18] that pdy (M) <
n. (]

A mild, direct consequence of Lemma|[15.17|is that ldim(R[z]) > 1dim(R); in partic-
ular, if Idim(R) = oo, then also ldim(R[z]) = co, and the statement of Proposition
15.14] holds; hence it doesn’t harm, from now on, to assume that 1dim(R) is finite.

Lemma 15.18. Let N be a left R[x]-module, and consider N also as a left R-
module by restriction of scalars. Then there exists a SES of left R[x]-modules of
the form

N[z] —— N[z] —/—— N,
featuring the left R[z]-modules N|x] = R[z] ®r N.

Proof. We define w: N[z] — N to be the map sending f(z) ® m — f(z) - m, for
all m € N and all polynomials f(z) € R[x] Since 1 ® m +— m, the map 7 is
surjective.

An element in N[z] = R[z] ®g N can be written in a unique way as a finite
sum Y ooz’ ® m;, with m; € N: this uses the direct sum decomposition N[z] &

5215 in fact equivalent.
53In fact, we should first define an R-bilinear map R[z] x N — N by (f(z),m) — f(z) - m,
then use the universal property of the tensor product
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@2, N, which is an isomorphism of left R-modules. We define ¢: N{z] — N[z] by
the following formula, where all tensors are over R:

k k k
in(@miHzxi.(l(@(x-mi)—x@mi)ZZ(xi@)(x-mi)—xi-‘rl@mi)
1=0 1=0 =0
k

:1®(a:.m0)+Z(mi®(x-mi—mi_1))—xk+1®mk.

i=1

Note that the last expression gives the value (Zf:o ' ® mi) ¢ again in the normal
form corresponding to the isomorphism of left R-modules N[z] = @;°, N.

The map ¢ is injective: suppose that the element Z?:o ' ®@m; is sent to zero by ¢,
then the component —z**1 @ my, in the last expression for (Zf:o ' ® mi) L must
vanish: it follows that mj, = 0; we then argue that also z* ® (x - my, — My—1) Must
vanish, as it is one component of (Zf:o ' ® mi) t; we already know that my = 0,
hence we conclude that also miy_; = 0. We proceed inductively until we obtain
that mo = 0; the fact that 1® (x-mg) = 0 is then automatic, and we conclude that

k i .

our source element ) . ' ® m; was zero in N[z].

The composition ¢ o 7 is the zero map, as it is straightforward to check from the
formulas. To prove that ker(7) = Im(¢), let Zf:o 2 ®@m; € N[z] and note that up
to adding and subtracting elements in Im(:) we can transform our element into one
of the form 1®m): we first eliminate the summand z* ® m;, by adding the element
P @ (z-my) — 2F @my, = (mk_l ® mk) t: this results in changing the k& — 15
component of the sum from z*~'®@my,_; to 2¥ 1@ (my_1 +2-my); the new element
can be expressed as a sum of smaller length, and repeating this procedure k times we
obtain an element of the form 1® m(. If our original element Zf:() ' @m; € Nz
is sent to zero by m, then we also have (1 ® m{)m = m{, = 0, and therefore our
original element was in fact in the image of «. O

As a consequence of the previous Lemma, we can prove the inequality ldim(R[z]) <
ldim(R) + 1, which is half of Proposition Assume n := 1dim(R) is finite, and
let N be a left R[z]-module. We want to show that pdg,(N) < n+ 1. By
the argument of the proof of Proposition this is equivalent to showing that

the functor Extg[f}(N, —): RgjMod — zMod is the zero functor. Let therefore

N' € Rjz)Mod be another module, and let us try to prove that Ext?;[f](N, Ny =0.

We can now regard the latter group as the image of N along the functor Ext’é'['f] (=, N').

The SES of left R[z]-modules N[z] - N[z] - N from Lemma gives rise to
a long exact sequence of Extr(—, N')-groups, containing in particular the triple of
groups Extf1 (N[a], N') = Extipf3(N, N') = Ext}{1(Nz], N'). Since pdp,(Nz]) =
pdi(N) < n by Lemma the two external groups vanish; it follows that also

the middle group vanishes.

16. THE OTHER HALF OF PROPOSITION [15.14], AN EXAMPLE, SERRE’S THEOREM

For a ring R we have proved the inequality ldim(R[z]) < 1dim(R)+1; we want now to
prove the opposite inequality, and it suffices to prove ldim(R[z]) > ldim(R)+1 in the
case in which both terms are finite (if they are both infinite, then our convention is
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that co > 00). We set therefore n := 1dim(R) > 0. In order to prove ldim(R) > n+1
it suffices to prove that there exists a left R[z]-module with projective dimension
n+ 1.
Following [Rot 8.2], we try to prove a statement (Proposition which is a bit
more general and applies to more situations than just the couple of rings R and
R[z].

Example 16.1. Let S be a ring and let = € S be a central element, i.e. zs = sz
for all s € S. Then the left ideal (z) C S coincides with the right ideal (z) C S, and
also with the bilateral ideal (z) C S. The quotient abelian group S/(x) inherits a
ring structure from S, such that the projection to the quotient p: S — S/(x) is a
surjective homomorphism of rings.

Example 16.2. Suppose that € S* is a unit; then (z) coincides with the entire
S, and thus S/(x) is the zero ring.

Example 16.3. The element « € R|x] is central. Moreover R[z]|/(z) is isomorphic
to the ring R, and by a slight abuse of notation we also call p the surjective ring
homomorphism R[z] — R given by evaluating polynomials at x = 0.

Notation 16.4. Let S and z be a in Example then the map of rings p: S —
S/(x) gives rise to an exact functor p*: g/yMod — sMod by restriction of scalars.

The fact that p is a surjective homomorphism of rings has a consequence: the
functor p* is fully faithful: for any two left S/(x)-modules M, M’ we have that a
map of sets f: M — M’ is S/(x)-linear if and only if the same map, considered as
a map between the S-modules p* M — p*M’, is S-linear.

Notation 16.5. In the other direction, we have a functor p.: sMod — g/(,)Mod:
this is given by considering S/(x) as a S/(z) — S-bimodule (the right S-module
structure being given by the homomorphism of rings p), and by considering the
functor S/(z) ®s —.

Concretely, if N is a left S-module, then N C N (i.e. the subset of multiples of
x in N) is a left sub-S-module of N (here we use that x is central in S), and the
quotient S-module N/xN is isomorphic, as a left S-module, to p.(N) € g/ )Mod.

Exercise 16.6. Prove that the functor p, is left adjoint to the functor p*: i.e. we
have an adjunction

P sMod <:> S/(I)Mod: p*

The following is [Rot, Proposition 8.39].

Proposition 16.7 (Kaplansky). Let S be a ring, let x € S be a central element,
and suppose that x is neither a unit nor a zero-dim'soﬁ. Let M be a (non-zero)
left S/(x)-module such that pdg,,)(M) = n is finite. Then pdg(p*M)=n+ 1.

Before proving Proposition we note that it immediately helps us in our pur-
poses: for if M is a left R-module with pdz(M) = n (such a module exists because
we assumed n = ldim(R)), then p*(M) is an example of a left R[z]-module with
pdpp) (M) = n + 1, implying that ldim(R[z]) > n + 1, which is exactly what we

541y general, for a non-commutative ring, one has to distinguish a notion of left zero divisor
and one of right zero divisor; since x is central, however, it is a left zero divisor if and only if it
is a right zero divisor.
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wanted to show. The hypothesis that = is not a unit in .S is only used to exclude
that S/(z) is the zero ring, and thus that every S/(x)-module is the zero module.

Proof of Proposition[16.7 We prove the proposition by induction on n > 0.

e Suppose first n = 0, i.e. every S/(x)-module is projective, in particular M.
Surely p* M cannot be projective over S: for the multiplication map = - — is
injective on every free left S-module, and by restriction it is injective also
on each submodule of a free left S-module, in particular on a projective
S-module which can be exhibited as a direct summand of a free S-module.
Now remember that p*M is a non-zero module, but x - — is the zero map
p*M — p*M: hence p*M is not projective over S.

By the hypothesis that x is not a zero-divisor we also get a SES of left
S-modules

Sty 85—, 9/(x),

and this can be considered as a free resolution of S/(z) over S of length 1,
hence pdg(S/(z)) < 1. Similarly, for every free left S/(x)-module F', we
obtain a free resolution of p* F' over S of length 1, by taking a suitable direct
sum of copies of the above resolution of S/(x): it follows that pdg(p*F) < 1.
Now we assumed that M is projective over S/(z), hence we may find a free
S/(xz)-module F' and a decomposition F =2 M @& M’ of left S/(z)-modules;
applying p* we obtain a decomposition p*F = p*M @ p*M’' of left S-
modules. By the proof of Proposition the inequality pdg(p*F) < 1
is equivalent to the vanishing of the functor Ext?g(p*F , —); this functor can
be written as a direct sum of functors

EXt%’(p*F7 _) = EXt%(p*M7 _) D EXt%’(p*MI7 _);

it follows that also the functor Ext%(p*M, —) vanishes, and hence, again by
the proof of Proposition we obtain pdg(p*M) < 1 as desired.

e Suppose now n = 1. Fix a SES of left S/(z)-modules K — F — M
with F' free; note that the hypothesis pdg,(,)(M) = 1, together with the
algorithm relying on Schanuel’s lemma, imply that K is projective over
S/(x). The previous step of the induction gives pdg(p*K) = 1. Exactly
as in the previous case, we also show that pdg(p*(F')) < 1, by exhibiting a
free resolution of F' over S of length 1. We first claim that pdg(p*M) < 2;
this is equivalent by the proof of Proposition to the vanishing of
Ext(p* M, N) for all N € gMod; this can in turn be checked by the long
exact sequence associated with the SES p* K — pf" — p* M and the functors
Extg(—, N): we have one piece reading

. BExt%(p*K,N) —— Ext¥(p*M,N) —— Ext*(p*F,N)...

and the vanishing of the outer groups implies the vanishing of the middle
group. Great! Our purpose is to show pdg(p*M) = 2 and we just checked

pdg(p*M) < 2! Now fix a SES of left S-modules L = F’ % p*M, with
F' free over S; without loss of generality, assume that L C F’ is a sub-S-
module. Consider also the sub-S-module F’ C F’: by S-linearity of p we
have, for all m € F', (xzm)p = x((m)p) = 0, because x - — is the zero map
on p*M. It follows that xF’ C ker(p) = L. We have thus inclusions of left
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S-modules xL C xF' C L C F’. Our first aim is to show that L/xzL = p, L
is not projective over S/(z): this will take a little time.
The following can be regarded both as a SES of left S-modules

L/xF' —— F'/eF' —— p*M
or can be rewritten in a more fancy way to give a SES of left .S/(z)-modules
AN —— p F/ —— M,

by defining A = L/xzF’, with the induced S/(z)-module structure (the
quotient L/xF’ is in fact a left S-module on which z - — is the zero map).
We assumed that pdg)(,) (M) = 1, and since p.F' = S/(z)®@sF" is a free left
S/(z)-module, we have that A must be projective (think of the algorithm
to compute pdg)(,)(M)). Consider now the following SES of left S/(z)-
modules, where zF/zL is given the natural structure of S/(x)-module (it
is indeed an S-module on which x - — is the zero map):

xF' /L —— L/aL =p, L —— A= L/zF’.

Since A is projective over S/(z), we obtain an isomorphism of left S/(x)-
modules p.L = zF'/xL & A. Now use that z is a non-zero divisor, hence
x - — is injective on F’ and hence, by restriction, on L C F’: thus zF’ = F’
(as S-modules), L = L and o F'/xL =2 F'/L = p*M as S-modules; but for
two left S/(x)-modules it is equivalent to be isomorphic as S/(z)-modules,
or as S-modules after applying p*. We conclude that p.L = L/zL admits a
direct sum decomposition (over S/(z)) one of whose summands is M. This
implies directly that pdg(,)(p«L) > pdg/,)(M) = 1, and in particular
L/zL is not projective over S/(x).

Now suppose by absurd that L is projective over S; then there is an
isomorphism L @ Q = F” for some free S-module F”; applying p, we
would obtain p.L @ p,.Q = p, F” with p, F’ = F"/xF" being a free S/(x)-
module: it would follow that p,L is projective, which is exactly what we
just proved is not the case! Hence L is not projective. Now the algorithm
looks at our SES of S-modules L — F' — p*M and instead of returning
pdg(p*M) = 1 (as it would do if L were projective), it continues at least
another step: thus pdg(p*M) > 2, which together with the previous part
of the argument finally shows that pdg(p*M) = 2.

e Don’t worry, the difficult part is already over! Assume now n > 2, and fix
again a SES of S/(x)-modules K — F — M with F free. The algorithm
tells us that pdg,(,) (&) = n—1, and the inductive hypothesis applied to K
tells us that pdg(p*K) = n—1+1 = n. Recall also that pdg(p*F') < 1, once
again by exhibiting a concrete free resolution of p*F' over S of length 1. In
particular the functors Extk(p* F, —) vanish for i > n (here it is crucial that
n > 2, and that’s also why we had to suffer so much on the case n = 1!).

Let now N be a left S-module, and consider the long exact sequence
of Extg(—, N) groups associated with the SES of left S-modules p*K —
p*F — M: inside it we find, for all 4 > n, short pieces of the form

. Exti(p*F,N) — Exty(p*K,N) — Exti ' (p*M,N) —— ExtS ' (p*F,N). ..
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For i > n 4+ 1 all of the above terms, except possibly Extg“(p*M, N),
are known to vanish, again because pdg(p*F) < 1 and pdg(p*K) = n:
it follows that also Ext5™! (p* M, N) = 0, hence Exts™ (p* M, —) is the zero
functor for all ¢ > n+1, which implies immediately that pdg(p* M) < n+1.
For i = n instead, only the terms Ext?(p*F, N) and Ext?t!(p*F, N) are
known to vanish; in fact, since pdg(p*K) = n, the functor Exts(p* K, —)
is not the zero functor, hence we can assume to have chosen N such
that Extg(p*K, N) # 0; exactness gives us in this case an isomorphism
Ext2(p*K, N) = Ext%™ (p* M, N), but then the same module N witnesses
that Ext" ™! (p* M, —) is not the zero functor, and hence pdg(p*M) > n+1.

O

We have thus completed the proof of Proposition [I5.14] which in turn implies
Theorem [I5.111

Example 16.8. Let F be a field, and consider R = Flz,y] as a ring, and M =
Flz,y]/(x,y) as an R-module. Set Py = R: we have a surjective quotient map
R — M with Ky = (z,y) as kernel; in particular the following is exact:

0 — Ko=(v,y) —> PBh=R—— M —— 0

Set P, = RO R, call X and Y the generators, and define a surjective map df’: P, —
Ko by sending X +— 2 € Py and Y + y € Py. The kernel K; of d!’ is generated by
the element yX —2Y € P;, and is a free R-module on one generator. In particular,
setting P, = K, the following is a free resolution of M of length 2:

P

.
30— Py=R(yX —a¥) <2 P =R(X)®R(Y) 25 Pyp=R ——0...

Exercise 16.9. Can you generalise the previous example to R = F[zq,...,z,] and
M =TF[zy,...,2,])/(21,...,2,)? Here are some hints.
e For all 1 < i < n there is a resolution of M; := F[xz;]/(z;) over F[z;] of

length 1 given by ...0 — Fla;] = Pli) 2 Flay) = éi) —0....

e The tensor product over F is our best friend: every F-module is flat, so we
imagine not to lose exactness, where needed, by tensoring over F.

e In what sense M = M; ®p - - - ®p My ? First, make sense of this long tensor
product; second, make sense of the fact that the single tensor factors are
just modules over the small rings F[x;], but the result should be a module
over the big ring R.

e Make sense of the expression “Tot(P.(l) QF ... P.(n))” as a chain complex of

R-modules of length n; prove that it is a projective resolution, over R, of
M.

16.1. Serre’s theorem on global dimension of local Noetherian rings. We
conclude the course by understanding the following statement, whose proof we omit.

Theorem 16.10 (Serre). Let R be a commutative Noetherian local ring. Then
there are two possibilities:

e cither R is not regular, in which case ldim(R) = OOEL

55We use Idim, but in the commutative context rdim would be the same...
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e or R is regular, in which case 1dim(R) is finite and is equal to the Krull
dimension of R.

I emphasized the words that we have not encountered yet in the course: these words
have in fact not much to do directly with homological algebra, and for this reason
the previous theorem should be surprising.

Definition 16.11. Let R be a (non-zero) commutative ring. An ideal in R is a
subset I C R which is also a (proper) sub-R-module, i.e. [ # R. We say that R is
Noetherian if every ideal is a finitely generated R-module.

Definition 16.12. An ideal I C R is a prime ideal if the following hold: for every
x,y € R\ I, we have zy € R\ I.
The Krull dimension of a commutative ring R is the supremum of all n > 0 for
which one can find a sequence of prime ideals Py C P, C --- C P, C R, with all
containments being inequalities.

Definition 16.13. An ideal I C R is a mazimal ideal if there exist no ideal J C R
with I C J (and I # J). We say that R is local if it has a unique maximal ideaﬂ

In general, if R is a commutative Noetherian local ring with maximal ideal M C R,
then one can prove that M cannot be generated by less than n elements, where n is
the Krull dimension of R. This should be surprising, because at first glance there
is no connection between the problems of finding long chains of prime ideals in R,
and finding small sets of generators for M.

Definition 16.14. We say that a Noetherian local ring R is regular if the max-
imal ideal M can be generated by exactly n of its elements, where n is the Krull
dimension of R.

Example 16.15. Consider the ring R = Z/4; it has two ideals: one is ([0]4), the
other is the ideal M = ([2]4), which is therefore the unique maximal ideal: R is
local. Since R is finite as a set, it is clearly Noetherian. The ideal ([0]4) is not
a prime ideal, as the product [2]4[2]4 = [0]4 witnesses. It follows that the Krull
dimension of R is 0, exhibited by setting Py = M and acknowledging that a longer
chain of prime ideals just doesn not exist.

If R were regular, we could generate M by... zero elements! That is, M should be
the zero ideal; this is not the case, hence we conclude that R is not regular.
Serre’s theorem implies that 1dim(Z4) = co. Does it remind you of anything? Yes!
We already proved that TorZ/4(Z/2,7,/2) = 7Z/2 # 0 for all n > 0, and have thus
already checked that 1dim(Zs) = oo. Thus Serre’s theorem (first part) generalises
this example we already saw.

For a commutative ring R and a prime ideal P C R, note that S = R\ P is a
multiplicative subset of R, and thus we can form the localisation S™'R; it turns
out that the localisation S™'R... is a local ring! If R was Noetherian, also the
localisation is Noetherian.

For a generic commutative Noetherian ring R one has the following formula:

ldim(R) = sup {Idim(S™'R) |S = R\ P for a prime ideal P C R}.

560ne can use Zorn Lemma and prove that every commutative ring R has at least one maximal
ideal.
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